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Message from the SCCTM President 
 
Dear Members, 
 
The board of SCCTM would like to thank all the authors who contributed to this edition of The 
MathMate as well as the editor Gina Dunn for making this edition possible.  The MathMate was and still 
is an important part of our organization.  It provides our members with excellent examples of best 
practices as well as providing classroom activities that we all can use.  I hope you enjoy this edition and 
will think about contributing your expertise in future editions.  Thanks again to Gina and all those who 
helped her put this edition out. 
 
Bill Whitmire 
2015-2016 SCCTM President 
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Announcements 
 
Upcoming Conference Information and Deadlines: 
 

SCCTM Fall Conference 
SCCTM 2016 Annual Fall Conference, Greenville, South Carolina,  
November 10 - 11 
 
SCCTM Educator's Scholarship 
SCCTM wants to help you further your degree with the Educator's Scholarship! Apply  by 
September 15, 2016. This scholarship provides financial assistance of $1500 to a teacher 
pursuing an advanced degree in mathematics, mathematics education, or  elementary 
education with an emphasis in mathematics. Eligibility requirements and an application form are 
available on the SCCTM website at www.scctm.org . Contact Bridget, the Committee Chair, at 
BridgetC@usca.edu for more details. 
 
Award Nominations 
SCCTM has the following two awards to recognize the efforts of individuals who have made 
significant contributions to mathematics education in South Carolina: 
1. The Outstanding Contributions to Mathematics Education Award which recognizes 
an educator who has made significant contributions to the educational community in our state. 
2. The Richard W. Riley Award that pays tribute to those whose work has advanced mathematics 
education in South Carolina even though they are not mathematics educators. 
If you would like to nominate someone for these awards, please go to www.scctm.org.Select 
Scholarships and Grants and scroll down to Awards. You will find specific information about 
award requirements, the nomination form, and a list of past  recipients. 
Please send your nomination form to cdoolittle@spart6.org no later than July 15, 2016. The 
award will be presented at the SCCTM 2016 Fall Conference in Greenville on November 10. 
 

 
Membership News: 

 
Renew your NCTM membership online and designate South Carolina Council of Teachers of 
Mathematics for the affiliate rebate. 
 

 
 
 

If you would like your announcement to appear in the next issue of The MathMate, please email all 
information to SCMathMate@gmail.com by January 1, 2015. Announcements will be published at the 
discretion of The MathMate Editorial Board. 

 
  

http://scctm.wildapricot.org/EmailTracker/LinkTracker.ashx?linkAndRecipientCode=CDR61o5OKbd5bbNC9sygWiRnPD6oIFZiSbifxpeoguJxjDw2oxSQKUIHLxO2FFHhpQZQ1AbVqQAuwF9SSDl11yI%2b2BGj1ZdrVVPU0oZqI1Y%3d
mailto:BridgetC@usca.edu
http://scctm.wildapricot.org/EmailTracker/LinkTracker.ashx?linkAndRecipientCode=CDR61o5OKbd5bbNC9sygWiRnPD6oIFZiSbifxpeoguJxjDw2oxSQKUIHLxO2FFHhpQZQ1AbVqQAuwF9SSDl11yI%2b2BGj1ZdrVVPU0oZqI1Y%3d
mailto:cdoolittle@spart6.org
http://www.nctm.org/
mailto:SCMathMate@gmail.com
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Guest Editorial 
 

Helping Teachers Grow 
 

Debbie Donovan 
 

 When asked as to why I became a member of SCCTM and received the Outstanding Contribution for 
Mathematics Educations from this wonderful organization, I thought not of the organization as just an 
affiliate of NCTM, or as a line on a resume that validated that I was a member of a professional 
organization; rather, I thought of my fellow colleagues who were and are members and leaders of the 
organization that has meant so much to me.  For the dedication and care that the leaders and members, 
both past and present, have given to assist teachers (like myself many years ago,) and have reached out 
to fellow teachers to collaborate and grow as proud teachers of mathematics. 
 
 I attended my first SCCTM conference in the late 1970’s.    At that conference, national speakers, 
Lola May and Zal Usiskin, came to South Carolina and inspired a generation of teachers.    I knew then 
that I wanted to be part of this organization that helped bring like- minded people together for the 
betterment of mathematics education. 
 
 For the many that came before me and the many that have followed, SCCTM has, and continues to 
serve as an organization that promotes the very best, cutting edge practices in mathematics education.  
Our conferences have continuously helped to advance national trends in math instruction.  SCCTM has 
also served as a launching pad for state leaders to move on to hold positions in National Council of 
Teachers of Mathematics and National Council of Supervisors of Mathematics. 
 
 SCCTM Annual Meetings continues to bring authors of NCTM products and internationally 
renowned speakers to expand the knowledge and expertise of its members.  All of the planning and 
organizing for these extremely professional meetings is not done by one person.  It is accomplished by 
the work and efforts of many volunteers and I want to recognize them and let them know that I, along 
with my fellow members, owe them our gratitude and appreciation.  The Annual Meetings and 
conferences have provided invaluable professional development that has molded me as a mathematics 
teacher.   
 
 SCCTM welcomed me to the organization and offered me an opportunity to grow and serve.  I want 
to express a special thank you to Hope Florence, who preceded me as president of SCCTM and to Ed 
Dickey for his insight and guidance throughout my career. 
 
 I urge any teacher of mathematics to join, volunteer, get involved and bring a friend.  Help to 
continue the growth of this organization so it can continue to facilitate the growth of teachers of 
mathematics in South Carolina.    
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SCHEMaTC: The Beginnings of a Math Teachers’ Circle 
 

Debra Geddings 
University of South Carolina   

 
Diana White  

University of Colorado Denver 
 

Jan A. Yow 
University of South Carolina   

 
 

Abstract 
 

This article describes the initial development and first year implementation of a Math Teachers’ Circle 
(MTC), a professional development program that aims to develop middle level math teachers’ content 
knowledge and problem solving skills. We discuss how our local chapter began, including details about the 
summer workshop, monthly sessions, and survey responses from participants.  
 

 
Introduction 
 It is June 2011 and the scene is Palo Alto, California, at the American Institute of Mathematics (AIM).  Two 
mathematicians, a mathematics educator, and two middle level mathematics educators from South Carolina are 
sitting at a table contemplating the solution to the following problem:  
 

The numbers 1 through 100 are written on the board. Each minute, you choose any two numbers and erase 
them, but then write their sum plus their product on the board. After 99 minutes, only one number will be left 
on the board. What possible numbers might that be? 

 
 The five mathematics professionals will follow this morning problem solving session with a planning session 
for the South Carolina High Energy Mathematics Teachers’ Circle (SCHEMaTC), a collaborative venture between 
middle and high school1 math teachers, mathematics educators, and mathematicians. SCHEMaTC’s mission 
statement, as developed during this initial planning workshop, reads:  
 

We desire to enhance our understanding of mathematics and build our skills at solving mathematical 
problems. It is by growing our understanding and mathematical confidence that we become better able to 
bring to all our classrooms, an enthusiasm for mathematics and creative, collaborative methods to solve 
problems. 

 
 The five mathematics teachers would meet every day for a week, holding morning problem sessions and 
afternoon planning sessions in which they discuss goals and logistics, including recruitment of teachers and 
mathematicians, plans for a summer workshop and monthly meetings, and fundraising to make the circle 
sustainable. They were well on their way to starting their own Math Teachers’ Circle. In this article, we (one of the 
original “they” team members and two additional team members) share our experiences from the first year of the 
circle in the hopes that teachers and university faculty in South Carolina may be interested in starting Math 
Teachers’ Circles or other collaborative ventures of their own. 
 
Math Teachers’ Circles 

                                                           
1 Math Teachers’ Circles have been traditionally implemented with middle school teachers. For our project, we had 

additional space to include a few ninth grade teachers in our circle. 
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 We want students to develop a deeper understanding of mathematics and problem solving. Yet, evidence 
from national assessments indicates that few U.S. students are proficient with problem solving (Gonzales, Provasik, 
& Miller, 2009). According to Nakamaye and Umland (2013), the MTC community is well positioned to contribute 
to the development of problems that help student develop a deeper understanding of mathematics and help with 
the implementation of the Common Core State Standards of Mathematics (CCSSM). They believe “teachers and 
mathematicians in Math Teachers’ Circles can make a real difference in how the CCSSM are implemented” (p. 9).  
In addition, research by the second and third authors, along with colleagues (White, et. al., 2013; White, et.al., 
2014; White and Yow, in press), provides evidence that MTCs positively affect teachers’ mathematical knowledge 
for teaching and contribute to the development of teacher leadership qualities in some teachers. 
 
 The workshop in Palo Alto, California was sponsored by the American Institute of Mathematics (AIM created 
the program).  The purpose of the workshop was to help teachers and mathematicians come together to “build 
mathematical communities of K-12 teachers and mathematicians” and addresses the need to partner teachers and 
mathematicians as espoused in response to the Mathematical Education of Teachers II Report (MET II, CBMS, 
2012). AIM “workshops are designed for teams of five—two mathematicians, two middle school teachers, and one 
administrator or other organizer—who are interested in starting a Math Teachers’ Circle in their area. During the 
weeklong workshop, teams participate in example Math Teachers’ Circle sessions and also spend time planning 
their own Circle, including recruitment of teachers and mathematicians, logistics of a summer workshop and 
monthly meetings, and fundraising for long-term sustainability”.   
 
 MTCs are a relatively new form of professional development, aimed primarily at middle school mathematics 
teachers, but often aimed more broadly at teachers of grades 5-9.  The first one began in 2006 at AIM, but they 
have spread rapidly, with over 50 local chapters now in existence across the country.  AIM now runs weeklong 
training sessions each summer for about twelve new leadership teams from across the country.  These teams then 
return to their home state and spend a year planning and seeking funding for their own MTC.  While the specific 
needs and interests of teachers in a region drives the activities of MTCs, all share some central features, including a 
focus on problem solving and the Common Core Standards of Mathematical Practice (CCSSI, 2010), the 
involvement of mathematicians, and the role of participating teachers as learners and explorers of mathematics. 
This article will emphasize the role of these key features in our own MTC. 
 
SCHEMaTC – Description and Background 
 Our local MTC, affectionately abbreviated SCHEMaTC, is a collaborative venture between the University of 
South Carolina and Columbia College, both located in Columbia South Carolina, and middle school teachers in the 
surrounding areas. Faculty at both the University of South Carolina and Columbia College learned about MTCs at 
professional meetings.  Both higher education institutions had faculty committed to teacher professional 
development, and they wanted to have an ongoing program that would help to meet the unique needs of middle 
level mathematics teachers, as well as contribute to the implementation of the Common Core State Standards 
(CCSS) (CCSSI, 2010).  They were excited about the idea of developing their own Math Teachers’ Circle, and each, 
unbeknownst to the other, formed a team to apply for the training.  Noticing that these institutions were a mere 
five miles from each other, the staff at AIM suggested they combine efforts and initially start with just one MTC to 
service Columbia and surrounding areas.  They readily agreed, and the large cooperative venture began.  
 
 One mathematician from each of the University of South Carolina and Columbia College, both of whom had 
expressed an interest in mathematics teacher education, became part of SCHEMaTC’s leadership team.  In addition 
a mathematics educator had participated in one of the proposals to AIM, and she also joined the leadership team. 
Several middle level mathematics teachers who had established themselves as leaders at their schools and in the 
arena of mathematics education were also asked to participate in the workshop sponsored by AIM, and these two 
middle level mathematics teachers became the teacher leaders of SCHEMaTC. They aid in all aspects of the math 
teachers’ circle. All members were instrumental in setting session topics and helping to develop sessions.  
 
 After the SCHEMaTC leadership team returned from California, they continued planning and sought funding 
for their endeavor.  In April 2012 the group was awarded a South Carolina Improving Teacher Qualify grant.  
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Recruitment quickly began, and in June 2012, the first summer workshop was held, a partnership between 18 
middle and high school teachers from three district and eight leadership team members. 
Situated in the wilds of South Carolina’s Hickory Knob State Park, this almost four day workshop engaged 
participants in a mixture of sessions focused on problem solving, instructional practices related to problem solving, 
discussions on assessment, and discussions on of the CCSS.  One of the mathematical problems the group 
considered read as follows: 
 

Suppose we have a barrel of wine and a cup of tea. A teaspoon of wine is taken from the barrel and poured 
into the cup. After stirring, a teaspoon of the mixture is taken from the cup and poured into the barrel. Now 
the barrel contains some tea and the cup contains some wine. Which volume is larger—that of the tea in the 
wine or of the wine in the tea? (Arnold, 2004) 

 
 This problem has many key features.  The format of the problem is deceptive in its simplicity. It proved to be 
interesting and challenging. The teachers were afforded the opportunity to experience firsthand many of the CCSS 
Mathematical Practices.  Making sense of problems and persevering in solving problems is Mathematical Practice 1 
(CCSSI, 2010). Making sense of the ‘wine and tea’ problem was certainly the first step. The initial problem solving 
session did not reach a solution to the problem. Participants were left to grapple with the problem throughout the 
day and into the evening.   This problem led to many questions: 
 
 Can we make sense of this problem?   
 Can we persevere in solving the problem?  
 What is the answer?  
 Is there more than one way to get to the answer?  
 How does this connect to ratio and proportion?   
 Does it connect to algebra? 
 
 Throughout the week, these questions and similar ones were common.  Participants noted on the end-of-
workshop survey: “I learned to generalize concepts, ideas and possible solutions to a posted problem.” and “I need 
to create a culture of thinking within my classroom let students see that it’s okay not to know an answer right 
away, but that the learning occurs in the solving a problem.” 
 
 The workshop established a strong sense of much-needed community among the participants—the 
mathematicians and the mathematics educators. Even the shared experience of dodging ample (white!) skunks 
and armadillos at Hickory Knob State Park to get between the lodging, the classroom, and the dining facility 
provided immediate conversation starters the first few days. This sense of camaraderie set the tone for monthly 
meetings SCHEMaTC held throughout the academic year either at Columbia College or the University of South 
Carolina. Each meeting consisted of a problem solving session and a discussion about what teachers were doing in 
their own classrooms and how they might take the process to the classroom.  Meetings specifically sought to 
connect what the teachers learned during the problem solving session to their role as teachers of mathematics. 
The teachers shared what they were doing in their classrooms, and how their classrooms had changed because of 
their role in the workshops as active learners of mathematics.  
 
 Our middle level educator team leaders have been instrumental in this process. The insights shared in 
meetings included that of one of our middle level team leader, who was trained as a NASA representative. She 
described how NASA materials had aided her in bringing the problem solving process to her classrooms. Another of 
our middle level leaders led a problem solving session on evaluating statements about probability. They have 
continued to give insight into the process of implementing more student centered mathematics into the 
classroom. One of the middle level teachers mentioned that she had the mathematical practices listed on a board 
in her classroom. As her students engaged in problem solving throughout the day, she would point out the 
mathematical practices. She noted that her students were beginning to be able to identify the mathematical 
practices in which they were engaged. They were also becoming active learners of mathematics. 
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 Appendix A and Appendix B provide, respectively, a sample of an agenda from the summer workshop from a 
monthly meeting. Topics for the monthly meetings were chosen to allow participants to engage in diverse areas of 
mathematics. Sometimes the presenters selected the topics based on their own area of expertise; other times they 
responded to participants’ requests for topics. For example, teachers wanted to talk more about geometric proofs 
so a session was developed to discuss that topic. Most of the sessions focused on specific, yet open ended 
mathematical problems. Topics included geometry, probability, and Math Count2 problems. The first monthly 
meeting introduced the mad veterinarian transmogrification problem concerning cats and dogs:  
 

An odd, slightly mad, veterinarian has three transmogrification machines at home in her basement. The Cat 
Machine works as follows: When one cat is placed in the input bin, the machine will transmogrify it into four 
dogs and a mouse. The Dog Machine transmogrifies one dog into three cats and three mice. The Mouse 
Machine transmogrifies one mouse into one cat and one dog. Each of these machines has a reverse switch. 
When this switch is flipped these machines operate in reverse. For example, the Dog Machine, set for reverse, 
will transmogrify three cats and three mice into one dog. Our mad veterinarian has one cat. Can our slightly 
mad veterinarian convert her one cat into a menagerie made up of no cats, no dogs, but seven mice? 

 
 Computer technology in geometry and algebra was a particularly interesting session.  
Geogebra1, and Sketchup3 were used in the problem solving process. Geogebra enabled participants to explore 
centroids, circumcenters, incenters, and orthocenters of triangles. Participants also used Geogebra to explore 
quadrilaterals. Sketchup helped participants explore three dimensional objects. Each problem solving session 
proved to be interesting and challenging. 
 
 SCHEMaTC concluded its first year with a two-day workshop at Columbia College.  The workshop included two 
morning problem solving sessions followed by a discussion of how the problems were related to the CCSS.   At an 
“open mike” session participants shared interesting problems they had encountered. The workshop concluded 
with discussions on assessment and the changes in assessment that CCSS would bring to the assessment process.     
 
Participants Share Their Insights 
 Having a group with different backgrounds, different thinking, and yet a commonality of mathematics teaching 
helps with the process of forming a mathematical community where participants develop more content knowledge 
and increase problem solving skills. All participants shared mathematical ideas and gained new insights into 
mathematics.  One participant noted that working these types of problems changed his thinking habits: “I have 
learned a lot of different approaches to problems that I probably would have never considered. I believe this 
realization will allow me to think more open-minded about problem solving.” 
 
 Comments like these reveal that in addition to learning about mathematical practices, at the MTC teachers 
actively participate in the mathematical practices, thereby receiving what they want to provide for their own 
students.  Another participant described the experience of being a learner of mathematics during the initial 
workshop as, “Being able to collaborate with others. Taking myself away from being a teacher but being a student. 
Understanding and realizing how my students feel.” 
 
 One participant explicitly mentioned the connection between teachers and college professors SCHEMaTC 
fostered: “the most useful aspect of the program is the high level of collaboration between teachers and college 
professors.” Another refers to the collaboration with other teachers: “The most useful aspect of this program is the 
ability to converse and collaborate on difficult problems with other teachers.” Yet another participant made a 
more general statement about the sense of community: “The most useful aspect of this program was the way 
everyone came together and shared their knowledge of mathematics.”  
 
 An external evaluator conducted a comprehensive evaluation of the program, involving both quantitative and 
qualitative survey-based data.  She combined this with in person observations of initial and concluding workshops, 
where she also talked in depth with both the participants and the leadership team.  In her initial evaluation report, 
written at the end of the first summer workshop, she noted:  
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Participants reported that the camaraderie and the sense of community that they developed with other 
teachers was one of the best parts of the workshop.  They valued both the mathematical learning and ideas 
for the classroom that came from sharing ideas with each other. 

 
 This is a key part of what sets MTCs apart from other professional development.  Namely, by immersing 
teachers in the process of doing mathematics together, they develop a strong sense of community with each 
other.  In addition, by being guided through this by experts, namely research mathematicians, they deepen their 
understanding of mathematics as a discipline of inquiry and problem solving. 
 
Discussion and Concluding Thoughts 
 Middle-level teachers generally come from more diverse backgrounds than their elementary or high school 
counterparts, as there is a greater variety of pathways into teaching middle school mathematics.  Some middle 
school mathematics teachers have an elementary education degree, others have a secondary mathematics degree, 
and in recent years, some are obtaining a degree in middle level mathematics. There are also middle level 
mathematics teachers who entered the profession through nontraditional methods. According to MET II, “about 
40% of practicing teachers have been prepared via an alternative pathway, that is, outside of a traditional teacher 
education program. Like standard programs, these alternative pathways vary widely. Such differences can affect 
the rest of a teacher’s career.”  (CBSM, 2012, p.15). Therefore, the need for professional development for middle 
level mathematics teachers must meet a variety of needs. The forthcoming implementation of new state 
mathematical standards in South Carolina also impacts the need for professional development that addresses ways 
to increase the content knowledge and problem solving skills of teachers.   
 
 Responding to these needs, SCHEMaTC decided to provide a professional development program for local 
mathematics teachers focused on problem solving.  A key goal was to ensure the teachers would be able to 
increase their mathematical content knowledge in a forum that would meet the diverse needs of mathematics 
teachers. It was determined that problem solving sessions via an MTC would be the means to deepen 
mathematical understanding and to establish a learning community among the mathematics teachers. “By making 
problem solving the central focus, teachers are provided with opportunities to engage in non-routine problems 
and gain firsthand experience of the challenge and thrill of finding a solution” (Fernandes, Koehler, & Reiter, 2011, 
p. 115). The MET II document also recommended MTCs as a form of professional development for middle and high 
school teachers: 
  

Math teachers’ circles [sic], in which teachers and mathematicians work together on interesting mathematics, 
provide ongoing opportunities for teachers to develop their mathematical habits of mind while deepening 
their understanding of mathematical connections and their appreciation of mathematics as a creative, open 
subject.… A substantial benefit of such programs is that they address the isolation of both teachers and 
practicing mathematicians: they establish communities of mathematical practice in which teachers and 
mathematicians can learn about each others’ profession, culture, and work. (p. 68) 

 
 We have come together to solve many problems, gained new insights into mathematics and formed unique 
relationships. Often, the mathematicians learn a great deal from the participants, who have much greater insight 
into how middle school students think about mathematics.  They also often demonstrate a different type of 
creativity than mathematicians, with all of their formal training, can overlook.  This can lead participants to 
creative solutions of their own, that mathematicians appreciate.  For example, during one problem solving session 
a mathematician looked at a solution a middle level educator had proposed. He commented, “Very interesting way 
to approach the problem. I hadn’t thought of solving it in that manner.” The experience has helped 
mathematicians, mathematics educators, and middle level educators form a mathematical community of learning 
and mutual respect.   
 
 Our first year was an exciting one.  We feel that we have succeeded in our mission to form a community of 
middle and high school mathematics teachers, teacher educators, and mathematicians bound together by a 
common enthusiasm for mathematics and for solving mathematical problems.  We are eager to continue, and 
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would love to share our experiences with other teachers and other teams in neighboring states.  If you want more 
information about SCHEMaTC, please visit our website at http://www.math.sc.edu/schematc. 
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Resources 
 1 GeoGebra Official Web Site  http://www.geogebra.org/cms/ IGI publishing organization,  
  GeoGebra is a free download. 
2 Math Counts Official Web Site http://www.sketchup.com/ 

3 Sketchup Official Web Site http:// http://www.sketchup.com/ 
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Appendix A. 
 
South Carolina High Energy Math Teachers Circle hosted by 
Columbia College and the University of South Carolina  
Summer Workshop Schedule  
Wednesday, July 25th 

TIME EVENT DESCRIPTION REMARKS PRESENTER 

2:00 – 3:15  Welcome Event 
Introductions, Goals & Vision, Logistics, 
Overview of the Workshop  

Team 
Leader/Mathematician 1 

3:30 – 5:00 Problem Session 0 
Problem Solving and Standards of Mathematical 
Practice 

Mathematics Educator 

6:00 – 7:00 Dinner Buffet line, fill out pre-survey    Leadership Team 

7:30 – 8:30 Fun Activity Zome Tools2 Mathematician 1 

 
Thursday, July 26th 

TIME EVENT DESCRIPTION/REMARKS LEADER/PRESENTER 

7:45 – 8:25 Breakfast Buffet  

8:30 – 10:15 Problem Session 1 Solution and Discussion Mathematician 1 

10:15-10:30 Break   

10:30-12:15 Problem Session 2 Solution and Discussion Mathematician 2 

12:15 – 1:15 Lunch Buffet  

1:25 – 2:30 Pedagogical Issues Common Core Standards 
Middle School Teacher 1 & 
Mathematics Educator 

2:40 – 4:30 Problem Session 3 Discussion Mathematics Educator 

4:40 – 6:00 Group Activity  Leadership Team 

6:10 – 7:00 Dinner   

7:30 – 9:00 Fun Activity Math Jeopardy  Mathematician 1 

 
Friday, July 27th 

TIME EVENT DESCRIPTION/REMARKS LEADER/PRESENTER 

7:45 – 8:25 Breakfast Buffet  

8:30 – 10:15 Problem Session 4 Solution and Discussion 
Middle School Teacher 1 & 
Mathematics Educator 

10:15-10:30 Break   

10:30-12:15 Problem Session 5 Solution and Discussion Mathematician 1 

12:15 – 1:15 Lunch Buffet  

1:25 – 2:30 Pedagogical Issues 
Common Core Standards/Standards of 
Mathematical Practice 

Middle School Teacher 2 & 
Mathematics Educator 

2:40 – 4:30 Problem Session 6 Solution and Discussion Mathematics Educator 

4:40 – 6:00 Group Activity  Leadership Team 

6:10 – 7:00 Dinner   

7:30 – 9:00 Fun Activity Zome Tools, Puzzles, Games  Mathematician 2 

 
 
 
 
 

                                                           
2 Zometools are a model-construction set students can use to build a variety of three-dimensional geometric shapes. 

More information can be found here: http://www.zometool.com/ 
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Saturday, July 28th 

TIME EVENT DESCRIPTION/REMARKS LEADER/PRESENTER 

7:45 – 8:25 Breakfast   

8:30 – 10:20 Presentations 
Each pair will present plans for classroom 
implementation 

Participants 

10:20-10:30  Break    

10:30 – 10:35 Group Picture Group Picture  

10:40-12:10 
Problem Session 7  

Middle School Teacher 2 & 
Mathematician 1 

12:10 – 12:20 Discussion  Leadership Team 

12:30 – 1:30 LUNCH Buffet  

1:30 – 2:30 Workshop  Assessment Project Evaluator 

2:30 – 3:30 Future Plans Schedule meetings, plans, logistics 
Team 
Leader/Mathematician 1 

  End  

 
 
 
SCHEMaTC Saturday Workshop Schedule 
Time: 9:15 AM – 1:30 PM 
Agenda for each workshop: 
9:15 – 9:30  Announcements, Information, and Refreshments  
9:30 – 12 noon  Math problem solving will start promptly at 9:30 
12 – 12:30 PM  Working lunch 
12:30 – 1:30 PM Classroom connections  
1:30 PM  Adjourn 
 

Date Workshop Presenter Topic 

September 21 Mathematician 1 Counting Triangles and Polygons 

October 19 Mathematics Educator Problem Solving with Students 

November 9 Mathematician 2 Numbers and Statistics 

December 14 Guest Mathematician 13 Map Coloring Problem 

January 11 Guest Mathematics Educator 1 
The Best Workout: An Emphasis on CCSSM Best 
Practices in Problem Solving 

February 8 Mathematician 1 Geometric Proof 

March 22 Middle School Teacher 1 Probability vs. Odds 

April 26 Middle School Teacher 2 Pythagorean Theorem 

May 17 Leadership Team Full Day End of Year Workshop (8:30-4:30) 

 
 

  

                                                           
3 Guest mathematicians, mathematics educators, or middle school teachers are sometimes invited to present a 

problem and guide the problem solving session. 
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Visualizing Convergent and Divergent Series 
 

Stephen Bismarck 
University of South Carolina Upstate 

 
Abstract 

 
Providing students with grounding for the concepts of convergent and divergent series can be a difficult 

task. This article describes a visually guided activity in which a class of Algebra II students investigated the 
properties of the inverse Sierpinski triangle to make connections between calculations, area, variable 
generalizations, geometric series, and convergence and divergence. It was determined that 42% of the 
students were able to make connections between the visual representation and a convergent series. 

 
Introduction 
 Using drawings, images, and other visualizations to better understand mathematics concepts and problems is 
not a new concept to students and teachers, but visualizations can serve as a powerful tool when making sense of 
a mathematical task as well as the structure of the task (Stylianou & Silver, 2004).  Polya (1957) highlights how 
visualizing a problem by drawing a picture is extremely helpful for understanding the problem.  Several research 
studies (Alcock & Simpson, 2004; Moreno, Ozogul & Reisslein, 2011; Shultz & Bismarck, 2013) have also examined 
the benefits of using visualization with students.  These studies have found that the visualizations can support 
students in making the connection between mathematical procedures and conceptual understanding. Considering 
the benefits of using visualizations—and multiple representations—with students, teachers should present topics 
in a way that takes advantage of these representations (Arcavi, 2003).  
 
 The implementation of the South Carolina College and Career Readiness Standards for Mathematics presents 
an excellent opportunity for teachers to improve upon current strategies or develop new strategies for presenting 
and connecting mathematical concepts.  The impetus for the activity presented in this article was developed after 
a discussion among a group of secondary mathematics teachers regarding how to extend the algebra standard for 
deriving the formula for a finite geometric series (Standard ASE.4) to include infinite geometric series, which are 
covered in many pre-calculus and calculus courses.  These teachers wanted their students to make sense of 
geometric series and to visually represent a convergent and divergent geometric series.  The following activity is 
intended for students to see the derivation of a geometric series and to see how an infinite sum can converge to a 
specific value while another infinite sum continues to infinity, resulting in divergence.  The visualization and 
mathematical properties of the Sierpinski triangle provide the means for introducing students to the concepts of 
geometric series, convergent series, and divergent series.     
 
The Sierpinski Triangle and its Inverse 
 The Sierpinski triangle, also known as the Sierpinski gasket, is a popular fractal in mathematics classrooms 
because of its elegant symmetry and simplicity to construct.  A traditional Sierpinski triangle can be constructed by 
sequentially removing medial triangles from a shaded triangle (Figure 1).  The process of removing medial triangles 
can continue for an infinite number of iterations.   
 

 
Figure 1. Sierpinski Triangle 
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 The construction of the “inverse” Sierpinski triangle is identical to the construction of the original Sierpinski 
triangle but has a twist.  It is called the inverse of the Sierpinski triangle because the construction begins with an 
empty triangle, one with no defined area and only line segments defining its perimeter, and is filled with medial 
triangles at each iteration.  These medial triangles provide a defined area.  The addition of area, rather than 
subtraction, is why it is identified as the inverse Sierpinski triangle (Figure 2). 
 

 
Figure 2. Inverse Sierpinski Triangle 

 
 Why bother with the inverse Sierpinski triangle? Many times students’ exposure to the Sierpinski triangle is 
limited to producing an image of the figure and discussing its geometric properties.  There is value in this type of 
exposure, but the mathematics found in the inverse Sierpinski triangle can go well beyond simply looking at the 
beautiful symmetry and recursive pattern.  First, investigating the area and perimeter of the inverse Sierpinski 
triangle can provide students with a solid foundation for limits and geometric sums.  Examining the properties that 
emerge from the inverse Sierpinski triangle are easier for students to rationalize, due to the fact that they can see 
an object being built or filled rather than parts being taken away.  Second, addition of area is intuitive to students 
(Cockburn, 2007).  Such connections can also be made with the original Sierpinski triangle, but the concept of using 
a summation to express the removal of area is counterintuitive to students that are only beginning to learn the 
concept.  Examining the first few steps from Figure 2 provides students with the opportunity to make conjectures 
regarding the total area as the number of steps increase.  Students can quickly catch on to the fact that the total 
amount of area increases after each iteration and questions begin to arise as the students examine the fractal 
more closely:  Is the area increasing at a constant rate?  How can this construction be explained mathematically?  
When will the triangle be completely filled?  
 
Participants 
 This activity was implemented in two high school college preparatory Algebra 2 classes.  Thirty-three students 
participated in this activity, 18 students in the first class and 15 students in the second class.  The majority of 
students in the course were juniors, but there were several seniors taking the course for a second time.  The 
activity was presented during one 90-minute block toward the end of the fall semester.  Data were collected in the 
form of field notes and the students’ responses to questions from the activity handout sheet.  These data were 
analyzed to determine how students connected the visual representation to the concept of a convergent 
geometric series.    
 
Activity Implementation 
 The first 15 minutes of the activity involved students examining different images of fractals and collectively 
developing a definition for the set of fractals (the Koch Curve, the Cantor Maze, the Crystal, and the Snowflake).  
This was done using a think-pair-share technique as a way for students to partake in the third Standard for 
Mathematical Practice, to construct viable arguments and critique the reasoning of others (CCSS, 2010).  As the 
teacher presented images of fractals, students were asked to write down their observations and develop a 
definition of their own.  After all of the images were displayed, students were given 5 minutes to discuss their 
observations and definition with one or two classmates and come up with a group definition.  The teacher 
observed the students as they developed small group definitions and called on specific groups to present their 
definitions during the whole group discussion.  The selection process was sequenced (Smith & Stein, 2011) 
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beginning with a simplistic broad definition, “A shape with other shapes” and progressing to a clearer, more 
precise definition, “A shape made up of similar shapes.”  The whole group agreed upon the following definition: “A 
fractal is a shape that is made up of smaller copies of itself”.  The students were then presented with the activity 
sheet and a triangle with an area of 64 cm2 (activity sheet attached). 
 
 
Examining the Area of the Inverse Sierpinski Triangle 
 The activity sheet is intended to guide students and scaffold the process of constructing the inverse Sierpinski 
Triangle as well as systematically gather data and look for patterns within the data.  The first part of the activity 
focused on having students determine the area of each shaded triangle and analyze patterns they saw after each 
iteration.  All of the students were able to connect the calculation of the shaded area with the measurement of the 
total possible area of the empty triangle and use the same reasoning to determine the areas of triangles produced 
after three iterations.  This part of the activity allowed students to engage in the seventh Standard for 
Mathematical Practice, to look for and make use of structure (CCSS, 2010).  Alice (all names are pseudonyms) 
explained her reasoning of this process in Picture 1.   
 

 
Picture 1: Alice’s calculations for the first iteration. 

 
 The students showed no difficulty in noticing that the smaller triangles were one-fourth the area of the larger 
triangle from the previous iteration.  The teacher then had the students analyze why their assumption was true.  
This short pause in the activity provided the opportunity for a short student-led discussion as to why the area 
equaled one-fourth.  The majority of the students measured the base and the height of the smaller triangles with a 
ruler as a way to calculate its area and compare it to the area of the larger triangle.  Others also used the area 
formula for a triangle, but took a more abstract or proof-based approach.  These students also measured the 
length but rationalized that both the base and height were one-half the length of the original base and height.  
Next, they applied this approach to the area formula for a triangle and concluded that the area of the smaller 
triangle had to be one-quarter of the larger triangle from the previous iteration.  Students using each of the 
approaches agreed that their reasoning was correct and the teacher had them continue in the activity.  This pause 
and discussion provided students with an excellent opportunity to use appropriate tools (rules) strategically, 
Mathematical Practice number five (CCSS, 2010). 
 
 After completing three iterations, students were able to look for and express regularity in repeated reasoning, 
Mathematical Practice eight (CCSS, 2010). The students used their understanding of exponents to come up with an 
equation for finding the area of the shaded triangle according to the number of iterations (Picture 2).    
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Picture 2: Gary’s equation for finding the triangles area 

 
 
 

 The second part of the activity moved the students into analyzing the number of triangles produced after each 
iteration as a way of determining the total shaded area.  Looking for patterns in the number of triangles, along 
with the formula students produced for finding the area of each triangle, provided them with the means to build a 
convergent geometric series. (Picture 3) 
 

 
Picture 3. Nathan’s development of the inverse Sierpinski pattern. 

 
 Next, the teacher led a discussion about what this expression meant with regard to the picture of the inverse 
Sierpinski triangle.  Students were quick to realize that the area of the shaded region was bounded by the original 
empty triangle.  Next, the students were asked to think about and calculate the total area of the shaded region 
after a large number of iterations.  After preforming a couple of calculations, students agreed that as the number 
of iterations approached infinity, the shaded area and expression would equal 64cm2.  This concept was translated 
into sigma notation (question #6) and concept of a convergent geometric series was discussed with students (see 
Figure 3). Please note that the following series begins at n = 1 and does converge to 64. 
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Figure 3. Simplification done with sigma notation. 

 
Extension for a Divergent Geometric Series  
 The activity sheet includes an extension that provides a visual reference for the concept of a divergent series.  
Unfortunately, due to time constraints, this extension was not done with the students.  Since the convergent series 
part of the activity took the entire 90-minute block, it is recommended that the extension be completed on the 
following day.  To assist teachers interested in using this extension, the calculations for how the perimeter of the 
inverse Sierpinski triangle produces a divergent series is provided in Figure 4 below.  Note that d is equal to the 
length of one side of the triangle. 
 

 
Figure 4: Divergent series derivation. 

 
 With the continuous addition of line segments to the inverse Sierpinski triangle, it makes sense that the total 
perimeter would continue to grow after each iteration.  Examining the summation of the total perimeter provides 
a rationale for why the perimeter is divergent: the base of the power is greater than 1. 
 
Analysis 
 The field notes showed that both classes came to the same consensus, that the triangle’s area is approaching 
64 square centimeters and, therefore, the summation should approach 64 square centimeters.  The field notes 
also provided evidence that the students were engaged in mathematical practices three, five, seven, and eight. 
After analyzing the students’ responses to the activity sheet, it was found that 14 of the 33 students (42%) were 
able to correctly produce the geometric series and explain that the summation would equal 64 square centimeters.  
Since none of these students had the knowledge of how to calculate the geometric series by hand, it can be 
inferred that the visual representation was used as an aid and was critical in making the connection between the 
summation and correct calculation.  
 
 
Conclusion 
 Although less than 50% of the students were able to provide written evidence showing an understanding of 
geometric series and the concept of convergence, this does not reflect an ineffectiveness of this activity.  The 
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purpose of this activity was to introduce the concept of convergent series and to get students thinking about 
infinite sums.  This activity also provided the opportunity for student to engage in several Standards for 
Mathematical Practice.  In conclusion, examining the inverse Sierpinski triangle provided a solid grounding for 
students at the beginning stages of understanding the concepts of convergence and divergence.  The visual 
representation provided by the inverse Sierpinski triangle allowed the students to make connections between 
calculations, variable generalizations, geometric series, and the concept of convergence.  
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Investigating the Inverse Sierpinski Triangle Activity Sheet 

 

1) The area of the triangle on your paper is 64 cm2 

What is the area of one of the shaded in triangles after your 1st iteration? 

________________ 

How did you determine that area? 

 

 

What is the area of one of the shaded in triangles after your 2nd iteration? 

________________ 

How did you determine that area? 

 

 

What is the area of one of the shaded in triangles after your 3rd iteration? 

________________ 

How did you determine that area? 

 

 

 

Table: 

Iteration Area of one triangle 

1  

2  

3  

 

 

2) Describe the pattern for finding the area of one of the shaded triangles at any iteration?  

 

 

3) What is the area of one of the triangles in the 10th iteration? 
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4) Now let’s focus on the whole triangle 

What is the total shaded in area after the 1st iteration? 

 

 

What about the total shaded in area after the 2nd iteration? 

 

 

What about the total shaded in area after the 3rd iteration? 

 

 

Table: 

Iteration Total Shaded in Area 

1  

2  

3  

 

 

5) What is the pattern (series) for finding the total area of the shaded in triangles? 

 

 

 

 

 

6) Use sigma notation to rewrite your answer from #5.  

Hint: Start with n = 1 and end at n = ¥  
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7) Extension: Calculating the perimeter of a fractal is quite different than simply finding the 

distance on the outside.  To find the perimeter of a fractal, you must find the total distance 

around each shaded triangle. 

 

Let’s consider the distance of one side of the large triangle to be d.  Now use what you know 

about midpoints to fill in the table below.  (Patterns can sometimes be seen if you leave your 

answer in expanded form, not multiplying or adding everything together) 

 

Iteration Total Perimeter 

1 

   

d

2
+
d

2
+
d

2
=

3d

2
 

2  

3  

 

What is the formula for finding the total perimeter at the nth iteration? 
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Triangle Area = 64 cm2  
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A Little Change Can Make a Big Difference 

Kelley Buchheister 
University of South Carolina 

 
Abstract 

 
 The opportunity to teach mathematics through service learning projects provides a relevant and 
connected experience that encourages concept development and problem solving proficiency while also 
developing students’ feelings of generosity and altruism. In this article I describe a prior project that helped 
my students, many of whom struggled with mathematics, become engaged in mathematical thinking and 
reasoning. Additional specific connections are made toward extended projects surrounding current events, 
as well as state and national standards. 
 

 While the saying, “It takes a village to raise a child” is a prominent cliché in educational jargon, one of 
the most influential ideas I subscribed to in my teaching years was not related to how the community 
could impact the students in my classroom, but how my students could have a positive impact on our 
community. Each year I dedicated a portion of my planning time to develop project-based activities in 
which my students could “pay it forward”, or find a way to give back to their community. While we had 
successful projects in the past, none made a more substantial impact on the way I approached teaching 
mathematical ideas through community service than after the devastating Hurricane Katrina hit in 2005. 
In this article I describe how my fifth graders, and their families, worked together with members of the 
local community to support the needs of people affected by a catastrophic hurricane. In light of the 
recent flooding disaster that impacted the state of South Carolina, the opportunity to engage students in 
service learning presented itself again. Thus, this reflection also extends the implications of the Katrina 
learning experience to more recent events as valuable opportunities to apply mathematical learning in 
conjunction with developing students’ feelings of generosity and altruism.  
  
 Following the aftermath of a devastating hurricane in the fall of 2005, my Florida students came to 
school with an extraordinary amount of questions about the causes of the hurricane and what would 
happen if the tragedy struck closer to home—a fear that was realized in the flood ravaged areas of South 
Carolina ten years later. These questions stimulated a number of discussions and hypotheses from the 
group, however, one question seemed to be more powerful than the rest, “What happens to the people 
who were in the shelters? Can they stay there forever? Where do they go?” From this point our 
conversations took a detour. It was no longer about the extreme weather, but my students’ attention 
turned to the effects of nature’s wrath and the plight of the affected families. As a result, that fall of 2005 
we began devising a plan that could provide support and resources to the victims of the catastrophe in 
the most effective way possible. By the end of our project we determined a both telling and appropriate 
name, “A little change can make a big difference”. 
 
Gathering Data 
 To begin our project, my students collected information about the hurricane from newspapers, 
magazines, and other news reports. They were fascinated by the wind speed, the amount of rainfall, the 
number of sandbags used, the sheer area of the region, and the estimated number of people who were 
impacted by the hurricane. I invited a professor from the local university to speak to my students and 
answer questions about the hurricane. Their “homework” was to go home and discuss potential options 
with their families, listen to news reports, and return with ideas that would be feasible for a group of 
elementary students and their families. It was important for us to consider potential ideas in the context 
of whether it would be realistic for us to collect donations—supplies or money—or develop respective 
materials with the resources we had. After our discussion we developed a survey, which included three 
viable options: (a) helping animal shelters, (b) creating hurricane safety packets for our Florida 
community, and (c) donating to the American Red Cross. As homework for the next evening, my students 
conducted the survey with members of their family and recorded their family’s vote indicating how they 
would like to contribute to those suffering from the after effects.  
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 My students tallied our class votes and represented the information through both a bar and a circle 
graph. With 22 students in the class, it was not a simple process to translate the data from the bar to the 
circle graph. To begin constructing the circle graph we used a clock model, a visual reference we often 
utilized with fractions due to its familiarity and flexibility working with denominators of 2, 3, 4, 6, 10, 12, 
15, 20, 30, and 60, which are commonly used in intermediate grades. We used an estimate of 20 total 
votes, a factor of 60, to generally reflect the data from our survey because the students in my class 
needed continuous reinforcement with fraction concepts, and even working within this multiple of 10 
would effectively challenge my students’ mathematical thinking and reasoning. Moreover, I recognized 
the opportunity to extend students’ thinking by allowing those who needed an additional challenge to 
calculate the exact fractions and percentages to compare with our estimates. With the approximation of 
total votes we had to determine how we would adjust the resulting data from our survey: seven votes for 
the animal shelters, three for the pamphlets, and 12 for the Red Cross donations. Because we removed 
two from the total responses to have a “round number” of 20, my students also felt it was important to 
delete two from the vote distribution. The consensus was to take one vote away from the two largest 
groups. This left us with 6/20 for the animal shelter, 3/20 for the pamphlets, and 11/20 for the Red Cross. 
Then the fifth graders worked in small groups to create a clock model that would represent the fractional 
data (see Figure 1).  
 

 
Figure 1. Clock model to represent fractional survey data. 

 
In the subsequent discussion during that class period students shared strategies for finding equivalent 
fractions with 60 as the denominator to represent the total number of minute marks on the clock model. 
At that point we were ready to place our vote totals on the circle graph. We began with the results for the 
animal shelter. Here, some students set up equivalent fractions such as 6/20 = x/60 and then multiplied 
by 3/3 to calculate the equivalent fraction 18/60. In slight contrast, a few other students took a more 
concrete approach “fitting”, or iterating, 6/20 on the clock as many times as possible. The members of the 
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group explained that they realized it would work because, “You can count by 20s. 20, 40, 60. So then we 
checked and you can put 6/20 on the clock three times” (see Figure 2).  
 

 
Figure 2. Demonstration of finding 6/20 of the clock model. 

 
 Next, the class decided to focus on the section representing the Red Cross. One student noted it 
should be more than half of the clock because 11/20 was more than half, “two tens make twenty so ten is 
half and eleven is one more than ten”. We used that justification to guide our thinking as we multiplied by 
3/3, or one whole, to determine the equivalent fraction of 33/60. The following step proved to be a bit 
trickier as we had to determine how we would include that portion on the clock model since we had just 
put the animal shelter portion on the graph starting at the “0” point. One student said that we could 
count the minute marks “backwards” (counterclockwise) from the 12 on the clock, “and we can see it will 
be more than half because thirty would be at the six ‘cause we started at the top and then we count three 
more”. 
 
 When the students shared their ideas for calculating the fractional part of the circle graph 
representing the pamphlets, one student recognized that the number of votes for the pamphlets (3) was 
half of the number of votes for the shelters (6). Therefore, he explained to the class that if the votes for 
the pamphlets were half of the votes for the animal shelter then the size of the graph piece should also be 
half. With this realization, several students in the group began to comment, with one student specifically 
articulating the numeric relationship, “Yes! So if the minutes on our clock for the shelters is 18 then the 
pamphlets should be half of that”. Although some students argued that three votes was not exactly half of 
the seven actual votes, they agreed to estimate as long as the group included the caveat that “the 
smallest piece for the pamphlets would be almost half of the middle piece for the animal shelters”.   
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 The discussion of equivalent fractions on the clock model led our class into a new exploration during 
the following math period. The next day I introduced the word percent as “per hundred”. I had the 
students recall strategies from the previous day and then apply number knowledge to approximate the 
percentages of our data.  The students worked together, helping various groups calculate the 
percentages—again setting equivalent fractions—by both hand and with the aid of a calculator. In 
addition to checking one another’s answers, I also encouraged the students to check their work against 
the group’s predictions to determine if the results seemed valid. For example, the students predicted that 
the American Red Cross should be a little more than 50% because 50% would represent half of the votes. 
Their final calculation, using equivalent fractions with a denominator of 100 resulted in 55% (11/20 = 
55/100). Finally, after two days of constructing the circle graph to represent our survey data, the fifth 
graders came to a consensus to collect donations for the leader with the greatest percentage of votes—
the American Red Cross—and then began outlining how we could organize possible contributions. 
 
Setting Goals: Fill the classroom! 
 Our first decision was to begin collecting items to donate: non-perishable food, household items, first 
aid supplies, clothing, blankets, and toys. My fifth graders created posters and signs that were displayed 
around the school, and they also designed newsletters that could be sent home in students’ Friday 
folders. They were determined to “fill up our classroom” with donated goods and excitedly brought in 
items each day, or helped to sort and count the different categories. During this process one parent 
informed me that the Red Cross may not take donations of some items we collected, however, they knew 
of a church in the community that was collecting items such as these. She offered to take the items we 
collected to her church after they were boxed.  
  
 To help my students understand the sheer, and literal, volume of their contributions in one week—
and to compare their actual collection to their goal of “filling the classroom”—we found the approximate 
volume of each of the categories of items. Using donated boxes from families, local grocery stores, and 
other stores we packaged our items as tightly as possible and calculated the approximate total volume of 
individual categories as well as the combined total. Then we used calculators to find the total volume of 
the room, and noted the difference between the room and the total volume of our donations. I asked the 
students to predict how many days they thought it would take to fill up the room if we kept the same 
“collection pace”.  
  
 After realizing that it would take a large number of donations to fill the room, one of my students 
asked if we could “fill up” the floor with our boxes. I asked Lindsey to pose the question to the rest of the 
group. Many students looked at the stacks of boxes, some stacks taller than they were, and immediately 
hypothesized that they could fill the floor. Before I allowed the students to physically move the boxes, I 
asked them to work in groups and use the measurements to figure it out. A number of groups re-
measured the length and width of the base of the boxes to find the area and added the areas of the 
different boxes. However, a few groups used calculators to divide the volume by the height of the box 
because they “didn’t want to have to measure again”. One group divided the total volume by a 
measurement of the base. This led to a wonderful discussion when we shared our results, which 
encouraged the group to consider what we were finding the area of when we calculated this way. From 
the combination of our conversation, manipulating the boxes, and drawing diagrams the fifth graders 
recognized that by dividing by a dimension other than the height we were finding the area of a different 
face of the prism (box). Moreover, they decided that this was not ideal because the new area (square 
footage of the side of a box) was smaller than the area of the base.  
 
 At this point, we had spent a week of our class organizing and analyzing data, constructing various 
representations of our results, and investigating volume and area. My fifth graders were engaged in 
mathematics through a community-oriented project that was relevant and meaningful to them. Most 
importantly, the project was initiated by their own desire to give back to those in the community. The 
mathematical lessons were simply a natural step in the process. However, as I soon learned, my students 
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felt as though they could do more. A few days later, Oscar came to me with a handful of pennies—and a 
completely new goal. 
 
Rollin’ in the Dough 
 At our morning meeting the next week, Oscar asked if he could share another idea he had to help the 
hurricane victims. He talked about how he kept finding pennies on the ground “where ever” he went and 
thought that if we collected enough of these, and other coins, we could donate the money to the 
American Red Cross because they “did not take all of our donations [of items such as non-perishable food, 
household items, first aid supplies, clothing, blankets, and toys] so they still needed help [with monetary 
donations]”. My fifth graders were excited, however, as a public school teacher who knew that many of 
my students’ families struggled financially, I was hesitant to ask for monetary donations following our 
already successful collection of domestic goods. I discussed the possibility with my principal and together 
we devised a letter to the families informing them of the class’ idea. To my surprise the following day my 
students brought in cups, handfuls, and bags of coins ranging from pennies to quarters, and even included 
some paper money. They described how they found the coins (and dollars) in their bedrooms, around the 
house, in the car, on the playground, or in a parking lot. While each day we gathered fewer and fewer 
coins, the change trickled in for another week until we stopped to count how much we had donated. 
 I used a three-gallon water bottle to store our donations and had students predict how much money 
was in the jug. Estimates ranged from $100.00 (“there’s some dollars in there, too”) to $23.00 (“there’s a 
lot of pennies in there and those take up a lot of room”). We recorded the estimates and I told the 
students that we could not donate the money in this form. I explained that I would be taking the money 
to the bank, but before the bank would accept it we had to roll the coins. I showed them the various rolls: 
50 cents for penny rolls, $2.00 nickel rolls, $5.00 dime rolls, and $10.00 quarter rolls. The very first 
question was from Taylor, “How many coins do we put in the roll?” I explained that was their job to figure 
out.  
 My students worked in small groups to determine how they would accurately fill the rolls. Not only 
was it a challenge for them to figure out the exact number of coins for each of the different rolls, but 
physically placing (and keeping) the coins in the roll was also a unique experiment. I circulated the groups 
to ensure that they were filling the rolls correctly and provided prompts to guide their thinking such as, 
“How many nickels (dimes, quarters) are in one dollar?” Following this time-consuming, but productive, 
event my students shared strategies such as: (a) grouping the coins into dollars and then grouping those 
sets by the amount on the roll, or (b) using mental math to figure out the number of coins for each roll 
and counting out that number [e.g., there are four quarters in a dollar and ten dollars in a roll, so that’s 40 
quarters], and still others either (c) skip counted by the value of the coin, or  (d) thought about “hairy 
coins” (see Figure 3) and counted by fives.  
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Figure 3. Counting quarters using “hairy coin” method. 

 
 We discussed how these strategies were similar and then checked our calculations by comparing 
results using the different strategies.  
 
 At this time I also re-introduced the concept of partitioning through division using the total number of 
cents to avoid the decimal points. In other words, we worked through examples such as first, converting 
$10.00 into a number represented using only cents, “$1.00 is 100 cents so $10.00 is ten groups of 100: 
100, 200, 300, 400…1,000”. Then using a “think aloud format” we divided 1000 cents by 25 cents in order 
to figure out how many quarters we would need in a roll. Finally, we totaled our collection and were 
happy to find that we gathered $57.64 of “spare change”. I photographed myself taking the coins to the 
bank, and purchased a money order to send to the American Red Cross in honor of my students’ 
selflessness.  
 
Standards Met 
 Several mathematics standards were met throughout this project, which corresponded to the 
Sunshine State Standards my students were expected to reach. However, because the mathematics in this 
project is also relevant to a number of service projects for which students across the United States could 
advocate, the following section identifies the corresponding Common Core State Standards for 
Mathematics (CCSSM). Moreover, in light of the flooding devastation the residents of South Carolina 
recently faced, direct connections are made to the South Carolina College and Career Ready Standards 
(SCCCR), and are exemplified in the following bullets:  
 

 [CCSSM 5.NBT.7; SCCCR 5.NSBT.7]: Add, subtract, multiply, and divide decimals to hundredths, 
using concrete area models and drawings. When students calculated the various amounts of 
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loose change they had an opportunity to apply addition or multiplication strategies with decimals 
to find the total amount of spare change.    

 [CCSSM 5.NBT.5; SCCCR 5.NSBT.5]: Fluently multiply multi-digit whole numbers using the 
standard algorithm. As students calculated the volume and/or base area of the boxes students 
could compare results and apply the standard U.S. algorithm and/or other methods such as 
partial products, derived facts, and repeated addition. 

 [CCSSM 5.NBT.6; SCCCR 5.NSBT.6]: Divide 4-digit dividend by 2-digit divisors using strategies 
based on place value, properties of the operations, and relationships between addition, 
subtraction, multiplication, and division. When students calculated the number of coins needed in 
each roll, they applied compensation strategies, converting both dividend and divisor into “cents” 
in order to calculate. Class discussions focused on the context of “moving the decimal point” in 
order to divide a number by a decimal. For instance, when dividing $10 by $0.25, one often 
“moves” the decimal place two places to the right in the divisor ($0.25) and also in the dividend 
($10), which provides an opportunity to explore the relationship between $0.25 and $10 and 25 
and 1000. 

 [CCSSM 5.MD.5.b; SCCCR 5.MDA.3]: Understand the concept of volume measurement. When 
students compared the volume of the room to the volume of the donated goods, they had to 
recognize and apply the concept of volume for rectangular prisms (boxes) in the context of solving 
real world and mathematical problems. 

 
 In addition to the content standards for fifth grade mathematics, through their participation in these 
project-based activities students had the opportunity to develop mathematical skills and proficiencies, 
which prominent researchers in mathematics and the writers of Common Core refer to as “varieties of 
expertise that mathematics educators at all levels should seek to develop in their students” (National 
Governors Association Center for Best Practices, Council of Chief State School Officers, 2010, p. 6). In the 
context of this project, students not only initiated problems and solutions, but made sense of and 
persevered while solving problems (CCSSM Standards for Mathematical Practice [SMP] 1); constructively 
reasoned abstractly and quantitatively (CCSSM SMP 2); and modeled with mathematics (CCSSM SMP 4). 
Beyond the mathematical competencies and skills my fifth graders gained from this project, most 
importantly they participated in mathematics that was integrated, relevant, and meaningful. They set and 
accomplished goals, working to help their fellow man.  
   
 
 
This is NOT the end 
 It may take a community to raise children who are eager and confident about mathematics, but to 
truly educate a child it also includes a dedication to helping them realize they have the power to make a 
difference; and that they have the power to work toward change in today’s society. In this community 
service project, fifth grade students banded together with their families, school administrators, and 
members of the community in order to make a positive contribution to individuals in need. This invaluable 
partnership provided a meaningful and applicable foundation for elementary students to improve 
mathematical learning.  
 As a result, I extend the challenge to you—the reader—and your students, teachers, or teacher 
candidates. With the catastrophic events that citizens in South Carolina, across the country, and across 
the globe have recently experienced, we—as mathematics educators—have the opportunity to 
demonstrate first hand how mathematics is embedded in the real world. It is imperative that our children 
recognize they have the knowledge, skills, creativity, and innovative spirit that can truly make a difference 
in the world. We must empower our students as ones who have the capacity to benefit society—
particularly in times of need. Table 1 reflects possible activities that demonstrate how these same 
principles could be applied across all elementary and early childhood grade levels with respect to the 
recent flood in South Carolina, but the same lines of thinking can also be extended to address disparity or 
need in multiple contexts. 
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Table 1 

Grade 
Level/Standard 

Standard Content 
Overview 

Suggested Activity 

SCCCR K.NS4, 
K.NS5 

Relate numeral to quantity Count donated items through 20 
using 1-1 correspondence 

SCCCR 1.MDS.4 Collect, organize, and 
represent data in up to 3 
categories  

Sort donated items (e.g., clothing, 
food, toiletries) or coins to 
compare categories 

SCCCR 2.NSBT.7 Add through 999 with 
concrete models, drawings, 
or PV strategies 

Determine the total number of 
bottles of water with x cases of 12 
or 24 bottles 

SCCCR 3.ATO.3 Solve real world problems 
involving equal grouping 

Distribute resources evenly among 
x number of families 

SCCCR 4.NSF.1 Use fraction models to 
explain how the number 
and size of parts are 
different even though the 
fractions are equivalent  

Cook meals for emergency 
personnel with selected unit 
fraction measuring devices (e.g., 
1/8 tsp., ¼ cup, 1/3 cup) 

SCCCR 5.G.2 Plot and interpret points in 
the first quadrant of the 
coordinate plane system 

Apply the coordinate system to 
develop a map that identifies 
devastated areas in the affected 
region 

 
 At the end of the 2005 Katrina project, my students and I felt that this small bit of change (both 
literally and figuratively) was, in fact, going to make a big difference. This project helped my students, 
many of whom struggled with mathematics, see the relevance in key mathematical concepts and skills. In 
addition, as my students participated in this project, they were motivated to accomplish the goals and 
challenges they faced as they solved problems and worked toward solutions. These activities made a 
difference in the way they saw the world, and the way they saw their role in society. The students 
recognized they had the ability to make a difference, which helped them realize they had so much to give. 
The feeling of worth stimulated my students’ passion for solving problems and persevering through 
difficulties; they were now more inclined to wrestle with unknowns. It is this result that makes me love 
teaching. And it is this spark of hope that I wish to ignite in other teacher educators, as well as the 
practicing and prospective teachers with whom I work and the communities in which they live. 
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Abstract 
 

The popularity of online courses and degree programs has been on the rise for the last decade. Even 
though there is a strong movement for online instruction, it is relatively new and unfamiliar to most university 
faculty members. Best practices are essential in effective instruction; therefore, there is a pressing need to 
identify and implement best practices in online instruction. This article looks at the best practice of classroom 
communication. The outcomes of enhanced communication and interaction within an online MATH 101 
course redesign are examined. 

  
 

Introduction 
There is strong evidence that online courses have become a popular alternative to face-to-face classroom 

instruction. According to Allen and Seaman (2013), 82.8% of higher education institutions offer both online courses 
and fully online degree programs while an addition 16.3% offer online courses only. Online courses provide all 
higher education students with the unique opportunity to take courses or pursue a degree despite geographic, 
scheduling, or other constraints that would typically prohibit a student from attending a higher education 
institution (Christensen, Horn, & Caldera, 2011). Thirty-three percent of higher education students were enrolled 
in online courses in 2011; this was more than 7 million students (Allen & Seaman, 2013). Considering the large 
demand for online courses in higher education, it is important to consider how to design and execute an effective 
online course. The data from the Annual Survey of Colleges as reported by Allen & Seaman (2013), showed that 
77% of survey participants felt that online courses were either the same as or superior to traditional face-to-face 
instruction. Although this is an increase of 19.8% from the 2003 survey, 23% of the participants still feel that online 
courses are inferior to traditional face-to-face instruction. In order to further reduce the population that believes 
that online learning is inferior, the research-based best practice of online learning must be examined and 
implemented. This study looks at the outcomes of enhanced communication and interaction within an online 
MATH 101 course. 

 
Best practices are essential in effective instruction in the traditional classroom setting. This is also true for 

online courses. These best practices are very similar to those of a traditional classroom. Some of these practices 
are classroom interaction, active learning, and prompt feedback. 

 
Classroom interactions are two-fold. There must be interaction between the teacher and students both 

individually and as a whole class. There also must be interaction between the students in the class. The 
asynchronous learning environment in an online course makes classroom interaction rather challenging. Phelan 
(2012) refers to this emphasis on classroom interaction as fostering a sense of community.  

 
Establishing teacher/student interaction is the first step in fostering a sense of community in an online 

course. Discussion and email have been found to be effective means of fostering interaction (Boettcher, 2011; Fish 
& Wickersham, 2009; Grant & Thornton, 2007). Timely email and relevant discussion board posts are important 
elements in establishing teacher/student interaction (Crawford-Ferre & Wiest, 2012; Shackelford & Maxwell, 
2012). Discussion boards also encourage interaction between the students (Boettcher, 2011; Shackelford & 
Maxwell, 2012). Students build a sense of community through initial introductions on online media, and these help 
students begin interactions and conversations that will encourage cooperation on assignments (Crawford-Ferre & 
Wiest, 2012; Grant & Thornton, 2007; Phelan, 2012; Shackelford & Maxwell, 2012;). According to Shackelford & 
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Maxwell (2012), the hallmarks of an established online community are the sharing of personal experiences 
between the students and the exchanging of resources.  
 
Course history 

In the spring of 2008, the author was charged with the task of developing and delivering an online general 
education course to be offered as part of a new all-online nursing program at Lander University in South Carolina. 
This course, MATH 101-OL: Survey of Mathematics, was launched for the first time in the fall of 2008.  The addition 
of other online programs, along with student interest, lead to the class being offered more widely as of 2012. 

This change, along with the instructor’s research, led to a redesign of MATH 101-OL between 2012 and 
2015 to address weaknesses and limitations. The best practice of classroom interaction, specifically 
multidirectional communication, was the major focus of the redesign process.  
 
Initial communications  

The course begins with an email exchange between the instructor and students, followed by an initial 
discussion exercise. Since its inception, the course’s first assignment has been an interactive, collaborative 
exploration of the syllabus and the Blackboard site. Students share a discussion post in which they respond to one 
key question about the course structure. The instructor adds the answers to each of the unanswered questions, 
completing the course overview. The students are encouraged to consult this list of “frequently asked questions” 
when they are unsure of a class policy or where to find something within Blackboard.  

 
The second discussion post of the semester reinforces this new learning community. The instructor posts 

a sample introduction in the discussion board. Each student introduces themselves to the class and comments on 
other classmate’s posts. This personal element allows for individualized guidance. During the spring of 2015, the 
instructor found this post to be very helpful when one student stated that he was taking the class while he was 
home in England. Although the information was already in the syllabus, the instructor was proactive and emailed 
the student directly to remind him that all due dates were based on Eastern Standard Time. The instructor also 
reassured the student that she was willing to communicate by email, video, or FaceTime as needed. 
 
Course Structure 

The course is structured for clarity. When students enter the course Blackboard site, the first screen they 
see is titled “Read This First” and recaps important course information. To access the remainder of the course 
content, the students can click on a link in the navigation frame to the left of the screen. These links are given clear 
and specific titles. 

 
Although the course is asynchronous, each student is expected to complete specific elements of each 

chapter module by their corresponding deadlines or due dates. These dates are listed in the syllabus pacing guide 
and on the Blackboard Calendar. There are six chapter modules. A typical module includes printable note pages 
and accompanying screen capture videos featuring an explanation of the chapter content as well as examples of 
select topics. Within the module, students are also given a list of suggested exercises for individual practice. 
Students are encouraged to read the text, watch the videos, complete the exercises, and seek help from the 
instructor before completing assessed work. A typical module also includes discussion board and Blog posts, a 
project, and a quiz. Projects and are submitted electronically through Blackboard. Some students type their 
responses, while others write their solutions by hand, take a picture, and upload the picture to Blackboard. Three 
tests are also assigned throughout the course. Tests and quizzes are administered through the Blackboard 
Assessment Manager and contain a variety of question formats: true/false, multiple choice, fill in the blank, and 
free response. Once the due date has passed for an assessment, students are able to view their answers as well as 
the correct answers to the test or quiz. 
 
Additional Communication within Course Design 

The best practice of multidirectional communication was the major focus of the MATH 101-OL redesign 
process. Opportunities for teacher/student and student/student communication were both increased during the 
spring of 2015 course.  
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In previous semesters, an initial email was sent to the students prior to the beginning of course. During 
the redesign, this email was modified to include a required response from each student that verified that they had 
received and read the email. The email was sent repeatedly to each student who had failed to respond 
appropriately to the email.  

 
A class Blog was also added during the spring of 2015. Prior to each test, students were required to either 

submit questions about the material on the upcoming test, visit the office of the instructor, or state within the Blog 
that they did not have any questions about the material. Student questions that were posted in the Blog were 
answered in various media. Some questions were simply answered in paragraph form, others were answered by 
uploading pictures of additional examples, and the remainder of the questions were answered using screen 
capture videos. Each of these answers were visible to all students in the class. Similar Blogs were created for two of 
the chapter projects.  

 
The final modification made to teacher/student communication was the frequency of emails. During 

previous semesters, the instructor would email the students when they had missed an assignment or had not 
logged into Blackboard for a few days. The instructor would also answer emails that students submitted and 
inform the class when assignment or project grades were posted. The students in the spring 2015 course were 
emailed at least twice per week. These emails consisted of reminders about upcoming due dates, announcements 
about any grade posted, and reassurance that the instructor was willing and available to answer questions. 

 
In previous semesters, student/student communication was very rare. A discussion post at the beginning 

of each semester asked students to introduce themselves to the class. Some students would post their 
introduction and would not post anything else; however, a few students would comment that they had the same 
major or interest as another student.  

 
The learning community is an important aspect of any class, but fostering communication and building 

relationship in an asynchronous learning environment can appear forced or artificial. In an attempt develop the 
learning community, additional Blogs were added during the redesign. Following each test, students were asked to 
review the problems that they answered incorrectly. For each of these problems, they were also asked to work 
through the problem and post questions about any problems for which they were unable to successfully find the 
correct answer. Students were asked to read the classmates’ questions and answer at least one question.  
 
Results  

Multidirectional communication during the first week has yielded mostly positive results, even though 
three people did not respond to the initial email. All students completed Discussion #1; however, one student did 
not follow directions. During the second week of class, two people failed to introduce themselves to the class in 
Discussion #2. With a class of 28 students, these early results were very favorable.  

 
The first assessments were due during week 3 of the course. The results of the week 4 project are a major 

factor in discovering who actually watched the course lecture videos and who tried to complete it without 
preparation. Two students did not submit the project. Each of these students had already missed one other 
discussion post during the semester. These students were contacted by email to stress the importance of 
submitting work by the due dates and to remind them of the different ways in which they could receive help in the 
course. The other assessment during week 3 was a quiz. The only student who did not take the quiz had not logged 
into the course since the first day of class and had not responded to frequent instructor emails. Twenty-two 
percent of the students received a 50% (F) on this assessment, which raised concerns as the assignment focused 
only on following directions and basic arithmetic. One student of particular interest is an ESOL student. That may 
indicate that a large language barrier makes online learning particularly difficult; teacher/student interaction may 
be the key to helping ESOL students succeed.  

 
A second ESOL student attended office hours during week 4 of class. The student had a few questions 

about the weekly project. Seven additional students sent emails concerning the same assignment. All 8 students 
who presented questions had a similar question. Therefore, the assignment will be modified to clarify that aspect. 



 

40 

 

The eight aforementioned students did well (7 As and 1B) on the project. The rest of the grades were Ds and Fs. 
There were 4 students who didn’t submit the assignment, three of whom also missed at least one discussion post 
during the semester. There appears to be evidence in this data to show a positive correlation between 
teacher/student communication and course grades. 

 
Week 5 included the first Blog post, which was added to the course to increase teacher/student 

communication. In this blog the students were asked to post any questions that they had about the material in 
Chapters 1 and 3. Students were also allowed to receive credit for the Blog by attending office hours with the 
instructor. During office hours, the instructor is present in her office and will meet face-to-face or virtually (email 
or FaceTime). The instructor answered all questions that were posted. Answers to the questions, pictures of 
examples, and videos were used to answer the Blog questions. Unfortunately the test average for the groups of 
students that did and did not have questions was less than 0.5% different.  

 
Week 6 included another Blog designed to increase student/student communication. Students were 

asked to review the test and rework problems they answered incorrectly. Students were asked to post questions 
about any problems with which they were still having difficulty. In order to receive full credit the students had to 
ask a question and answer at least one question posted by a classmate. The instructor answered all unanswered 
questions. It was found that 77.8% of the students participated fully in the Blog while 7.4% of the students asked at 
least one question in the Blog but did not answer a classmate’s question. However, 14.8% of the students did not 
participate in this Blog. All but one of these students had missed at least one discussion post this semester. One of 
the two students that did not participate fully made a 35% on Test 1. It is hypothesized that this student did not 
have adequate knowledge to answer any of the questions posted in the Blog. 

 
Blog #3, was due during week 7, included a video which demonstrated how to use Excel to complete the 

weekly project. Students were asked to post questions that they had after watching the video or state that they 
did not have any remaining questions about the assignment. Only three students did not respond to Blog #3. Each 
of these students made above the class average on this assignment. This led the instructor to further investigate 
the effectiveness of the video. During week 8 there were a few “Easter Eggs” (extra credit questions) presented in 
the course lecture videos. Six out of the 27 students responded to the extra credit opportunity. At midterm these 6 
students had high grades (2 As and 4 Bs). The class average was a low C; therefore, there appears to be evidence 
that the course lecture videos are helping these students be successful. 

 
During week 9, no extra videos were posted before the weekly project. Only 7 out of 27 students 

contacted the instructor about this assignment and the algorithms before the assignment due date. The class 
average was 70% on this assignment. The average for the students who did not have any teacher/students 
communication about this assignment was 66.5% and the average for those who did have teacher/student 
communication was an 86.4%. 

 
Blog #5 was due week 10. As in the first Blog of the semester, students posted questions about the recent 

test. The instructor posted answers to the questions, pictures of examples, and videos to further answer questions. 
The data revealed that the test average for the group that had questions was 7.4% less than the group that did not 
have questions. When the extreme outlier was removed, the difference was still 5.1%. The student who was the 
extreme outlier had an 84% at midterm, but earned 36% on Test 2. This difference encouraged instructor 
reflection upon the best timing of the activity.  

 
The results from Blog #7 were similar to those of the first posttest Blog. Blog #8 was also due the same 

week, week 11. In this Blog students were asked to submit questions that they had about the content and weekly 
project. Two students who missed multiple discussion posts did not post to this blog; however, 92.6% of the 
students did post. Eighty-eight percent of the students who posted in the Blog stated that they did not have any 
questions. One student stated that he had not looked at the assignment. The student who received 36% on the 
second test asked several good questions. Only one other student asked questions. Unfortunately, her questions 
demonstrated that she had not watched the videos or read the textbook. 
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The average grade on the week 13 project was 44.8%. The instructor anticipated low scores due to lack of 
teacher/student communication and the perceived student attitudes about their Blog posts, since it was clear that 
most students did not put a lot of effort into the posts. Despite many email reminders, 8 out of 27 students did not 
turn in this project, including two who had never missed an assignment, one of whom had an A average. After 
eliminating the student who demonstrated no knowledge of this content in Blog #8 and did not turn in a project, 
the four people who either asked questions online or came to the office to ask questions averaged a 94.4% on the 
project. After eliminating all of the zeros on the project, the class average was still 55.4% for those students who 
did not seek help. One interesting fact is that the highest grade in the class belonged to one of these students.  

 
During the final week of class, students posted remaining questions about any material from the course in 

a final Blog. The instructor answered all student questions in narrative form, by uploading pictures of extra 
examples, or by posting extra content videos. 

Findings 
Using the historical data from 2012-2014, the timeframe in which MATH 101-OL was offered to the 

general student population, the failure rate was determined to be 0.2024. Using 27/2ˆ p , the failure rate for 

the current semester, we tested the hypothesis 2024.0p . The binomial distribution with an alpha value of 0.10 

was used rather than the 2 proportion z-test, since the sample size was so small (n=27). The p value, )2( xP , 

was 0.0679; therefore, we have some evidence that the failure rate in the current semester is lower than the 
historical rate.  

 

 Using the same historical data, the A/B rate was determined to be 0.38. Using 27/14ˆ p , the A/B rate 

for the current semester, we tested the hypothesis 38.0p , using the binomial distribution. The p value,

)14( xP , was 0.10; therefore, we have weak evidence that the A/B rate in the current semester is higher than 

the historical rate. 
 
Significant changes were made to teacher/student communication prior to the submission of the week 7 

project. The first change was the addition of Discussion #4. In this discussion board post, students were asked to 
post questions they had about the assignment or the topic of apportionment. This post was due one week before 
the assignment due date. Blog #3 was also added to the course. This Blog contained a supplementary video on 
apportionment and an opportunity to post questions about assignment or the topic of apportionment.  The 
summer 2014 projects were rescored using the spring 2015 rubric to insure reliability of the data. Since there is an 
outlier in each data set, a parametric test is not appropriate. A non-parametric test, Wilcoxon Rank Sum, was 
performed. A difference was found in the distribution of grades (p=0.057). Since the mean and the median for the 
current group is larger, then we have some evidence that the current class (n=27) performed better than the 
summer class (n=10). The medians were 19.0 and 17.4 out of 20 and the means were 17.9 and 16.5 out of 20. 
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Conclusion 

Considering the small sample size and weak evidence to support the claims that increased 
multidirectional classroom interaction had a positive effect on course and coursework performance, the author 
finds merit in the best practice of classroom interaction. Further research should be performed to test the 
reliability of the findings. The author plans to continue increasing interaction – both teacher/student and 
student/student – to determine if this focus on multidirectional communication continues to have a positive effect 
on classroom performance. 
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