VOLUMEG | NUMBER | May 2018

The MathMate

The Official Journal of the
South Carolina Council of Teachers of Mathematics



Editorial Board

Lead Editor Associate Editor
CHRI®UNCANLander Universy JENNIFER THORSH#Keley County School Distri

SCCTM Officers

President Vice President at Large

LEIGH MART]Rlemson University ALISAHOBGOODNest Florence High School
President Elect Secretary

MARC DREWEdventure ALVA WHITRichland District One

Past President Treasurer

MORONDQEWISEau Claire High School GINADUNN Lander University

Vice President for Elementary NCTM Representative

JENNIFER WIU$®™idway Elementary Schoc RYAN HIGGIN®oker College

Vice President for Middle Government Relations

EUGENE BELLAMurisMiddle School CHRISTIREIDClover Schodistrict 2

Vice President for Secondary SC Department of Education Representative
SHERRY YOUNBButh Florenckligh School SANDRA AMMONS

Vice President for Post Secondary
BRIDGETOLEMANJSC Aiken

Mission Statement: The mission ofThe MathMate is to feature articles about innovative mathematical
classroom practices, important and timely educational issues, pedagogical methods, theoretical fisigmfisant
mathematical ideasand handson classroom activities and disseminate this informatmistudents, educators and
administrators.

The MathMate | the official journal of the South Carolina Council of Teachers of Matiesnis published online
two times each yeag May and January

Submission RequirementsSubmissions forhe MathMate  should be no more than 15 pages in length not
counting cover page, abstract, references, tables, and figures. Submissions of more than 15 pages will be reviewed
at the discretion of the editorial board. Submissions should conform to the style spegifteePublications Manual

of the American Psychological Associaiiétih ed.). All submissi@are to be emailed tgcmathmate@gmail.com

as attachments wih a completed Submission Coversheet as page 1 andrtlote starting on page Zhe coversheet

can be found ahttp://scctm.org/The-MathMate.

Submitted files must be saved as MSWord, RTF, or PDF files. Pictures and diagrams must be saved as separate files
andappropriately labeled according to APA style. Copyright information will be seniaoraeicle is reviewebut
authors should not submit the same article to another publication wihikein review fofThe MathMate


mailto:gdunn@lander.edu
mailto:gdunn@lander.edu
mailto:powersjs@ymail.com
mailto:scmathmate@gmail.com
http://scctm.org/The-MathMate

Submission DeadlinesSubmissionseceived by Novembet wil be considered for the January issue and March 1
for the May issue

South Carolina Recertification Creditccording to the SC Department of Education Renewal Credit matrix,
http:// ed.sc.gov/educators/certification/certificatieforms/forms/renewalmatrix , the primary author of a
refereed journal article can earn 60 renewal credits

SubscriptionsActive members of SCCTM receive online subscriptiomt¢oMathMate  as part of their
memberships.

CorrespondenceAll correspondence regardifihe MathMate  should be sent tgcmathmate@gmail.com

Permission ® Photocopy:Unless otherwise indicatedctive members of SCCTM may distribute copies of articles
published inThe MathMate  individually and in limited quantitieérticles that are reprinted from NCTM journals
may notbe photocopied without prior consent.

About the Cover Photograph of the Columbia skyline from Arsenal Hill neighborhood taken by Akhenaton06 and
licensed under Creative Commons Attribut&hare Alike 3.0 Unporte€€C BXA 3.). The file was retrieveddm
https://commons.wikimedia.org/w/index.php?curid=12166490

Peer Reviewers:
Lindsay BoozeNewberry High School
Catherine DeMerg;harleston County School District
André Lubeckd.ander University
Josie Ryarl,ander University


http://ed.sc.gov/educators/certification/certification-forms/forms/renewal-matrix
mailto:scmathmate@gmail.com
https://commons.wikimedia.org/w/index.php?curid=12166490

The MathMate

Table of Contents

18

35

Message from the SCCTM President
Announcements

Message from the Editor
Chris Duncan

Discovery of Power and Exponential Relationships: An Applicatlorgafithms
Chris Duncan

An Examination of Prd@ SNIJA OS ¢ S| OKSNEQ 9FFAOI O
Mary Elizabeth R. Lloyohd Malia Howell

Inspection Wrthy Mistakes: Which? And Why?
Angela T. Barlow, Lucy A. Watson, Amdeberhan A. Tessema, Alyson E.dnsclgtamy F.
Strayer



Message from the SCCTM President

Dear SCCTM Members,

The board of SCCTM would like to thank all authors for sharing their knowledge and expertise by writing

for THEMATHVIATE We would also likeat recognize and thank Chris Dundanhis new role adHE

MATHMATEO RAG2NJ I YR GKS NBOBASSHGSNE FT2NJ G§KSANI OF NBFdzZ NEX
hope you will consider sharing your expertise with the membership of SCCTM by writing about your
successful lessons, activitieasnd classroonbased strategiesTHE MATHVIATE serves as a vehicle to

connect us and help us learn from one another as we collectively strive to ensure all students have access

to high quality mathematics education. Without your submissions, we lose thidevhur opportunity to

share and learn from one another.

Sincerely,

Leigh Martin



Announcements

Upcoming Conference Information and Deadlines:

SCCTM Fall Conference 2018
Columbia Metropolitan Convention Center
November 14; 16

SpeakeProposal Deadline: June 10
Early Bird Registration Deadline: October 13
scctm.org/conferences

Award Nomination Deadlines:

Outstanding Contributions to MathematicEducationAward
Nomination deadline: July 15
scctm.org/Awards

Richard W. Riley Award
Nomination deadline: July 15
scctm.org/Awards

Scholarship Deadlines:
Preservice Scholarship
Applications deadline: September 15
scctm.org/scholarship
9 R dzO | SclbEhip
Application deadline: September 15
scctm.org/scholarship

MembershipNews:

Renew your NCTM membership onliaxed designate&south Carolina Council of Teachers of
Mathematicsfor the affiliate rebate.

If you would like your announcement to appear in the next issuéhaf MathMate , please email al
information to SCMathMate@gmail.comAnnouncements will be published at the discretionToie
MathMate Editorial Board.
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Message from the Editor

This is my first issue as editor Bie MATHMATEH L Q@S @SN SEOAGSR G2 asSN
that | can lead the journal as well as the previous editor, Gina Dunn. | need your help, though. Please
consider submitting items to the journal. The jaat welcomes articles which relay@ur experience

with interesting classroom activities, lessons, and teaching strategiggles of a theoretical or

research nature are also encouragéd/ou arepresenting at the upcomingpaference in November,
pleaseconsider creating and submitting a written vensiof your presentationWhile not every

SCCTM member will be able to attend the conference, we can altheadATH MATE .

Ly GKA& A&dadsS:I LQ@S Lzt AaKSRX ¢ Aéashind ThivdeA 2 a4 A 2y
Mathematics¢ KS | NI A @fyS 2 2ANIWKRBLIRQAEA | {1 SAY 2 KAOKK ! yR 2K
which types of student mistakes make for good class discussions. | chose this article because the ideas

it presents are applicable to any math classroom. It should be interesting to any réadature

issues, | will continue reprinting articles from NCTM journals. The selection process will focus on
either general reader interest or on selecting an article which will better round out that particular

issue. Many thanks to Dr. Ryan Higgins,dGiTM representative for this idea.

| also would like to thank Jennifer Thorsteng @2 Mathematics Coordinator for Berkeley County
School Distrigtwhois servingas Associate Editor for this issdéie MATHMATE uses a doubldlind

peer review process which the editor serves as the intermediary between an author and a reviewer.
| submitted an article to this issue anbleing the editor,could not maintain that doubkblind
standard without some help. Jeersed as editor for my article gecuring aeviewer and helping

to usher my article through the revision process.

Finally for the cover of this issue, | chose a photograph of the Columbia skyline to highlight that our
fall conference is returning to Columbia this year. It will be held at thentlma Metropolitan
Convention Center on November 14, 15, and 16. This is the first time the fall conference has been
held in Columbia since 2009!

L K2LJS @e2dz Sya22eé (KAa AaadzsSo ttSFHasS aSyR 02YYS
addressscmathmate@gmail.com

Enjoy!

Chris
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Discovery of Power and Exponential Relationships: An Application of Logarithms

Chris Duncan
Lander University

Abstract

This article discusses lbgg and semlog graphing techniques which are useful in determining power or exponential
relationships between two variables. These graphs are a common application of logarithms in various scientific and
engineering disciplines and their use in a math classroom reinfoheggroperties of logarithms and can be used in
various activeearning, inclass lab type experiences. Example applications related to Cantilever Beams and the
temperature of a liquid are discussed.

Introduction

Handson modeling exercises are good &tudents of mathematics. Specific applications from science or
other stem fields are particularly valuable and meet NCTM process standards by allowing students to
make connections between mathematics and other subjects. Such activities align with theCaoailiha
College and CareeiReady Standards for Mathematics process standards by giving students an
opportunity to reason contextually as well as to connect mathematics and thewadd through
modeling. In this paper, a few such activities are desdiitand the mathematics involved would be
appropriate for a PreCalculus class.

The key objective of these activities is discovering the nature of a relationship between two quantities.

The method employed here has the students take the logarithm of onlgotit quantities, graph the

resulting data, and, assuming the result is approximately linear, fit a line to the transformed data. The
coefficients of the line provide information about the relationship between the two quantities. Graphing
calculators coulde used to skip these steps altogether, and this may be appropriate for students who

have not studied logarithms. For the R@alculus student, the method described here reinforces the
properties of logarithms and demonstrates a practical use of thospet®s. The activities could be used

to introduce nonlinear regression models by having the student compare his or her answer using the
YSGK2ZR RSAONAOSR KSNB gA0GK GKS OFfOdA  G2NRa Fyaegs

Mathematical Background

Power Relationships

We say that two vasibles,candw have a power relationship,@ & , for some constant§andé .
Forexampled “i says thatthe area of a circle is a power function of the radius. tdere® anda
¢. Similarly, the volume of a cube is a power functiorkoft Odzo SQ& &a RGandBiSywa G K 6 A i K

In many realworld problems, we may have knowledge or a suspicion that a relationship between two
quantities exhibits a power relationship, but we may not knbwndd . We can investigate the
relationship by firs collecting data, then applying a logarithm to one or both variables, and, finally,
checking to see if the new relationship is linear.

For example, suppose the equation which relates the area of a circle to its radius were unknown to us.
We could start toexplore the relationship by collecting data on circles. Suppose the following graph
represents data collected on six circles.
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We now ask the following two questions.
Do the data illustrate a power relationship betweamndr? D)
If so, what are the values af andb? 2)

To answers these questions, note thathere is a power function which fits this data, then there are
constantsm and b such thatd @& . Taking the logarithm of both sides and simplifying yields the
following.

0 wi
1 16C [
1 16C iiac ilic
1 16C iicc aidic

This illustrates thal 16Qs a linear function of Ti CThis situation may be more clear if we et
1 76¢ 1 Tigandd 1 Tagthen the last equation is

®w 6 a8
So, clearly, Y is a linear function of X. Of course, using the identities for logarithms in the reverse order as

above, and the fact that the logarithm is ot@-one, shows that if 10Qs a linear function df Ti Gthen
Ais a power function of.

Thiscalculation converts questions (1) and (2) to the following

Isi 106G linear function of 11 € (3)
If so, what are the slope andigtercept of the line? (4)

The answers can be determined by creating ddagplot ofl T6@gainst Ti Gand thenjf the association
is linear, fitting a line to the data. The following plot illustrates this so calletbtpglot.
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The data clearly suggest a linear trend is appropriate. Furthet, 2, andB = 0.4971, approximately.
Sinced | TaQwehavey pm p 1@ o® T pwbich is pretty close to the actual valde,

It should be noted that the exact value for the exponent was obtained in this example because the data
was not actually collected. Instead the author, for illustration, used the formula &oatha of a circle in

order to generate the data. If one were to actually attempt to approximate the area and radius of several
circles, there would be errors in the measurements which would result in only approximate values for the
two constants. This cape seen in the activities describe later.

Note that if students have not been exposed to the line of best fit, they could instead draw a reasonable
line that fits the data and then determine the equation of the line that was drawn. Alternatively, ggaphin
calculators provide the line of best fit.

Exponential Relationships

An exponential relationship can be expressed in a variety of bases, but in this discussion we will use the
natural base’Q We will consider exponential functions of the focmn ®»Q , for constantshandd 8The
goal is to determine if some collected data represent such a relationship, and, if so, the vahaesiof 8

Following the same procedure as in the previous section, we take a logarithm of both sides and use the
properties of logarithms to simplify. It would seem prudent to use the natural logarithm since that is the
base we have chosen. However, it is common to use base 10 because that is the base typically used on
logarithmically scaled axes. We will use baseh&fe, but, again, bas@or any other base is just as
appropriate.

A 0Q
1 1dC 17 &
1 Tag I iagc 11
1 Tdg 11ag al Tap
This shows thaif y is exponential theh TdGs a linear function ofa In fact, iftd 1 Ta@ 1 Tag

andd a1 T'Qthen

10
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The converse is true as wellidndwhave a linear relationship, theiis an exponential function af8

If we create a serbg plot ofl d@gainstay and see a linear relationship, then there are constants
andd suchthatw @Q . Further, we calculat® p mandd 0 Fi I'QC

For example, consider the plot below of the following fictitious data: (0.3, 3.18551), (1.2, 3.813747), (3,
5.466356), (7, 12.1656), (10, 22.16717), (12, 33.06953).
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We ask questions similar to (1) and (2), above. Does this represent a relationship of tha fodif)
and if so what are the values @anda ? A plot off Ta@gainstwanswers the first question, and a couple
of calculations determinéandé .
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Wehavew pm p 1 candd T8t Y @l E0.2. Thusp ¢'Q?8 . A check of the original
data shows that this is in fact the relationship present in that data.

Student Activities

The remainder of this article is devoted to two lab activities that can be discussed and implemented in the
classroom

Cantilevered Beams

The discussion is divided into 4 sections. First, some background information about cantilevered beams is
described, then the necessary materials andgeis given. Then data collection and analysis is discussed.
Finally, an example problem concerning diving boards that can be posed to students is given.

Background Information:

A cantilevered beam is a bethat is fixed on one end
and free on the other. These beams occur often
decks, porches, and other engineering applications
central concern is the amount of deflection that th
beam will experience when a load (i.e., force) is appli
to the beam. 1 a load,F, is applied to the free end ol
the beam, the deflectiorD, at that end is given by the
following.

Where,Lis the length of the beamV is its width,Tis

its thickness,anA & (G KS | 2dzy3Qa «
which is a measure of the elasticity or stiffness of tl
material from which the beam is constructed. The uni

of measurement for these variables should &
consistent. All lengths should be measured in the sa....
units, for example. In this paper we will measure lengths in centimeters and the force in Newtons.

In the activity described below, the student will focus on discovering the exponei@amd 0. The other
variables will not be changing and can be considerawstamts. Thus, the goal for the students is to
discover that the deflection satisfies

0 QO (5)

with® pand® owhen all other aspects of the beam are fixed.

By varying only the load) and measuring the deflection, the student can explore the relationship
betweenOand @The goal is to determine if that relationship is a power relationshipQ.e. & "O, and

if so the value of the exponent. Note that the valuetofrepresents he combined effects of all of the
other physical aspects of the beam.

12



Figurel: The beam is attached to a table or desk with thela@np. The bag holds weights or marbles, and the meter s
used to measure the amount of the deflection. In this example tiggHeof the beam was varied but force (number of
marbles in the bag) was held fixed.

In a similar manner, if the deflection is measured while only the length of the beam is changed, then the
student can consider the relationship betwe€@rand 08s that relationship bthe form©O & 0 , and, if
so, what is the value @

Set up and materials:

For the activity, each student of group of students will need a meter stick, a plastic badpraf; an S
shaped hook, an aluminum strip, and either weights or numeramstthat are approximately uniform
in weight. The clamp, hook, and aluminum strip can be purchased aft@bigome improvement store
for about $4. See Figure 1 for an illustration of how to set up tinegeerials.

Data Collection and Analysis

As stated above, the data collection is divided into two parts. First, the student will determine the
relationship between the deflection and the applied force. Then, separately, the relationship between the
defledion and the length will be explored.

First we consider the relationship between deflection and the force applied. The length is not changed.

Mass (g) | Force (N)| Deflection (cm)
74 0.73 0.7
147 1.44 1.1
217 2.13 1.6
292 2.86 2.1
362 3.55 2.6

The author used a kitchen scale to weigh the marbles. Like most modern scales this one gave readings in
units of mass. The first column of the table gives the readings from the scale. Technically, we are modeling
the effect of force (weight in this caseptmass. Force is measured in Newtons, and near the surface of
the Earth, one may calculate the weight corresponding to a mass in grams by dividing the mass by 1000
(convert to kg) and then multiplying by 9.8 meters per second squared.

13



The graph below shves the Deflection plotted against the weight of the marbles. The relationship appears
to be linear on unscaled axes. So the deflection is a linear function of weight. Since the relationship is
linear, we conclude thab in equation (5) has value 1.

3 I P
= b
£ 25 y =0.6746x + 0.264 =
E 2 /'/
c 15 A
i) =
—
0
0 0.5 1 1.5 2 2.5 3 3.5
Force, F, [N]

Next, we illustrate the relationship between the deflection and length of the beam. In order to estimate
the exponent of) in equation (5), the student should hofd R®A T "Afixed so that equation (5)
becomesO 00 . The student should pick a fikéoad that will be applied to various lengths of

beams. The length can be varied by simply loosening-tiianap and sliding the beam in or out.

Example data are below.

L [cm] D [cm] log(L) | log(D)
14 0.8 1.15 -0.10
23.5 2.9 1.37 0.46
27.2 4.7 1.43 0.67
34.4 8.6 1.54 0.93
41 13.6 1.61 1.13

The relationship betweef and'O is clearly not linear. However, a plot bfl @ againstl 1 (C does
appear linear. The line of best fit has slope 2.65. Thus, we estimatéithatquation (5) has value 2.65.
This is somewhat less than the theoretical value of 3.

If one wants to attempt to have the students estimate the exponent associated with the thickness, a
possible approach is to fix the length and load, and then meé&berdeflection for a variety of thickness.
Beams of varying thicknesses could be constructed by stacking multiple beams on top of each other to
form a thicker beam. Also, if several widths of aluminum strips are available, then the exponentam

be exlored. The author has not tried either of these with a class.

14



Example Problem:

The section concludes with a possible application problem involving diving board design. Diving boards
are not exactly like the cantilevered beams presented here, but can lieled as such and do provide a
context which is familiar to most students. This problem should be posed prior to the activity. Then using
the results of the activity the students can answer the question.

Suppose a 575 N woman (about 130 pounds) is coctitigi a diving board for her pool. She would like

for the beam to deflect 4 cm when she stands on the end. She constructs the board so that it is length is
185 cm. However, when she stands on it, the board only deflects 2.5 cm. She decides that the board
should be longer so that it will deflect further. What length will give the desired deflection of 4 cm?

The solution involves two steps. We are asked to find a valiegdfen values fofOand’O. However,
using the results from the example data abowe, have
:O “-“Q\Qn) 8
The value ofQ which encodes information about the elasticity, thickness, and width of the board, needs
to be determined. The initial attempt of a 185 cm long board giving a deflection of 2.5 cm allows us to

determine Qusing ourcalculated formula above. Substituti® ¢®HF0 v XA p P, @nd solving for
Qgives an approximate value @ 1& p 1 8Thus,

0O 1@ pm 08

Next, we can determine the correct length by substituting the desired deflection of 4 cm, armlteeof
575 Newtons and solving for L. This results in a board length of about 220 cm.

Another question using a diving board could involve a maximum allowable force given a fixed length and
the maximum possible deflection before the board breaks. Altéwesit, one can ask for a given force,
what is the maximum possible length before the board fails.

Cooling Liquid

Next an example of an exponential relationship is presented. As students know from everyday experience
the temperature of an object approachdbe temperature of its surroundings. That approach is
exponential in nature as can be seen in the following activity.

Background Informatian
bSgi2yQa tl¢g 2F O22fAy3 adlasSa GKIFIG dKS NrXraGsS 27
differenced S 6SSy (GKS ' YOASYd GSYLISNI GdzNBE yR KS 02R&Q
will approach the ambient temperature exponentially fast. In other words, the difference between the
temperature and the ambient temperature is exponential. So,

Y6 (6)
with “Yrepresenting the temperature of the bodg,standing for the ambient temperatur&representing

the time, and®andd some constants.

An activity related to this topic would have the students measure the temperature of a hot (or cold) cup
of water at various times. Then following the sdiog procedure discussed above, estimating the value

15



of the constants using linear regression. Asgasged by equation (6), the difference between the water
and the ambient temperature is the appropriate dependent variable rather than the temperature itself.
This is important since there is no identity for the logarithm of a sum. So, if the studernhsgisoblem

up as’Y o Q) , and then takes the logarithm of both sides, he or she will arrive at a roadblock
sincel 1" 1 18 dQ does not expresk [1"Yas a linear function a3,

Data Collection and Analysis

As an example, a cup of watimitially at 198.2 degrees Fahrenheit sat in a room in which the ambient
temperature was recorded to be 69 degrees. The temperature of the cup of hot water was measured at
various times as in the following table.

Time, t 0 1 2 3 4 5 10
Temp, T| 198.2 189.6 182 176.2 170.8 165.8 147.4
T-A 128.7 120.1 112.5 106.7 101.3 96.3 77.9

In the following graph, we can see that on the sdmgj plot, the relationship betweeilY 6 andoappears
linear withd  ¢8t wdndd ¢ pPu

— 2.15
n
()
e 212
> - \c\ y =-0.0215x + 2.098
2.2.05
8 \
c I
o 1.95
5 T
£ 19 ~
()] i J
Q.
£ 1.85
()]
|_

1.8

0 2 4 6 8 10
Time, t, [minutes]

So pm pcdandda OA I'QC 8T w.Bpbstituting these values in equation (6) yields the
following.
Y ow pcQ 8

This type of activity could be extended to compare the results using different liquids (water, oil, etc.) and
or different types (insulated arot) or shapes (harrow or wide opening) of cups. A potential question then
would be how the values @ or ®@depend on the different scenarios, and how to interpret the meaning

or size of the quantities in the physical, reabrld context.

16



Conclusion

We have given two examples ofdtass activities that illustrate how logarithms are useful for discovering
power and exponential relationships in STEM settings. While the lab portion promotes student
engagement and understanding of the application beingdeded, it is not strictly necessary. If time or
materials are in short supply, a teacher could supply the data and have the student discover the
relationships from that starting point.

Other examples of power relationships that can be explored include

1. Ifan object is dropped from rest, the relationship between the distance it has fallen and the time
since it was dropped is a power function with exponent approximately 2.

2. Among the planets of the solar system, the orbital period (year length) is a powaidurf the
average distance from the sun. The exponent is 3/2.

3. TheSquaré dz6 S [l 6 Aa O2yOSNYySR gA0GK GKS NBflFIGA2yaKk
volume as the object grows. A simple example is a cube. The volume is a power function of the
area with an exponent of 3/2. The same is true of a sphere. These examples have the added
benefit of being able to verify the results using the two formulas and some algebra.

Other examples of exponential relationships that can be explored include

1. The bahnce in an account that earns interest is an exponential function of the amount of time
since the money was deposited.

2. The number of bacteria depends exponentially on how long they have been dividing.

3. Radioactive decay is exponential in time. Carbon datiegs the decay of radiocarbon to
determine the age of a bone.

4. The cooling liquid example above could easily be recast as a time of death investigation in a
whodunit style exploration.
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An Examination of Pf@a SNIIA OS ¢S OKSNEQ 9FFAOI Oé

Mary Elizabeth R. Lloyd Malia Howell
College of Charleston System Wide Solutions, Inc.
Abstract

A sequential explanatory design was utilized to determine the general and personal teaching effica®yiE K

service teachers developing through their teacipeeparation programs. Results suggested participdatsed

toward innovative beliefs related to teaching mathematics and the relevance of mathematics and claimed to be
AYYy2@8FGAGS Ay GKSANI LN} OiAOSa yR KFE@S KAIK LISNER2YFET GSI O
efficacy of mathemads teaching were consistently the lowest. Overall, findings convey a narrative of consequential

overconfidence

Introduction

In the Lowcountry in 2020, a predicted 26,000 jobs will be available; many of the highest paid, STEM
related positions likelywill be filled by norSC residents based on inadequatel@ mathematics
preparation (Avalanche, 2016; Pan, 2017). The National Council of Teachers of Mathematics (NCTM) has
been working for decades to change traditional instruction, encouraging the implextien of innovative
pedagogical practices emphasizing communication, connections, and problem solgitigat result in

deep mathematical understanding for all children so they are, in fact, prepared for such STEM positions
upon entry into the workforcédNCTM, 2000).

Necessary for such a shiftand challenging for the Lowcountry and nation to datis the recruitment

and retention of teachers who implement such excellent, equitable practices (Avalanche, 2016; Will,
HAMCcO® ¢2 O2y aAikesd,) onelficady, St theKpfoiedsion inOy@néral and in their own
LISNE2Y Il f (0SIFOKAY3IY aGaSTFAOIOe o0StASTa Oly AyTFft dzSy(
HAMPYE LI HMNnO® . FyRdAZINI omdpdpT 0 RS & ONADOKcked dhairy LI & X
OF LI 6AfAGASEE 6L mMcnoO®

Efficacy beliefs influence and predict instructional decisions and actions (Buehl & Beck, 2015) and,
subsequently, student learning (Bikkar, Beamer, & Lundberg, 1993; Richard & Liang, 2008). High efficacy

has been tiked to greater willingness to adopt innovative pedagogical beliefs and implement innovative

LIN OGAO0OSa OWSNIERZ HnntX AY tNRGKSNRBST HnnyT / NRA&:
(Shaughnessy, 2004, in Protheroe, 2008, p. 43)ndease efficacy requires successful instructional
experiences that yield gains in student achievement (Buehl & Beck, 2015); therefore, increased efficacy

and increased student learning feed one another.

While most research suggests that high efficadyeiseficial, Wheatley (2002) reported that individuals

gAUK STFAOFIOE R2dzoid&a YlIé& 0SS Y2NB Y2U0AQ0FrGSR G2 4
innovative practices (in Siwatu & Chesnut, 2015, p. 217). Too, those with high efficacy may have false
confidlSy OSY aXI FrtasS asSyasS X aSia wiSIFOKSNAS8 dz) T2
a0dzRSyiGa 2N 6K2YSOSNI F2NJ 0KSANI adNHzZ33ft Sasx ¢gKSy @K
Certainly pred SNIIA OS (S OKSNBE 0 KSNSEI sideSral#Hed totre¢rditngnt ahdNE A Y L.
NEGSyiAz2y> |a aaz2yS 2F GKS Y2ad LRoSNFdzZ Ay TFi dzS)
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XSELISNASYOSa RdzNAy3a a0GdzRSyid (Sl OKAy3A¢ 61283 wnnnx
personal efficacy ineaching and doing mathematics, PTs reportedly lack confidence and are highly
anxious (Brand & Wilkins, 2007; Liang & Richardson, 2009; Bursal & Paznokas, 2006, all in Rethlefsen &
Park, 2011).

While mathematics teacher educators are workingto imprsmer t ¢ 3 Q STFAOF 08 o6StAST
cultural transformation from traditional to innovative pedagogical practices, contributions by educators

at all levels are necessary for this cultural shift to occur. In particula®, ilathematics educators dn

curriculum specialists can work toward helpind Xstudents; a subset of whom will feed into teacher

preparation programs; develop confidence in their mathematical abilities, beliefs that mathematics is

relevant and meaningful, and beliefs that allopde, themselves included, can do math. This confidence

and these beliefs serve as the foundation to both personal and general teaching efficacy beliefs.

Given the implications of efficacy beliefs, particularly related to PTs, this study is guided bgtsnaf
jdzSatiAazyad {Si ImY 2KFG FNB t¢aQ SyiSNaAy3dIs RS@St 2
mathematics teaching [MTOE]? How do these beliefs change throughout their teacparation

programs? How do these beliefs relate to/vargr beliefs about what and how mathematics should be

taught [BT] and beliefs about mathematical relevance [BRW]{ SG 1 HY 2 KI 4 FINB t ¢aQ
power of their own mathematics teaching ability [PMTE] upon completion of their preparation programs?

How do these claims relate to/vary from their claims about their own instructional practices [P] and to

their beliefs about the general power of teaching [MTOE]? Understanding the entering efficacy beliefs of
pre-service teachers, how these beliefs devetnr time, and how they relate to other mathematical

beliefs can highlight for -K6 mathematics educators and teacher educators areas to target toward
positively influencing efficacy beliefs among educators and, subsequently, confidence and achievement

in mathematical ability among students.

Methodology
Eightyfive k8 PTSentering their foursemester, undergraduate teachgreparation programs within a
public, liberal arts and science college were asked to complete three survey iterations: Al, A3, and A
Eightythree PTs consented and completed a hard copy of A1 administered upon entry into their programs
in August 2011. Sixtipur PTs completed a hard copy of A2 in May 2012 at the completion of their second
mathematicsS RdzO Il 1 A 2y 6 K S Ndurse. T NiEt corseldévlop&iRnétbematical content
knowledge and the second pedagogical practices. Mathematics educators provided explicit experiences
to promote increased confidence and biryregarding innovative practices aligned with those espduse
by NCTM. Attrition between Al and A2 was likely due to the fact that the second math ed course in which
A2 was administered was not mandatory for amathematics middldevel education majors. Forfpur
PTs completed an electronic version of A3 at thepletion of their programs, following a orsemester
clinical internship. Attrition in A3 was due to the fact that eight PTs switched majors or left the college
and likely to the loss of fag@-F I OS A Y GSNI OGA2y 3IABSY ! o0Qa St SOGNRY]

1 For the scope of this paper, general comparisons were made. Further explatatthe direct relationships
between specific BT, BRW, and MTOE beliefs and between specific P and PMTE claims weutcebaely
interesting

2 Given no statistical difference in responses between-ehilghood, elementgr and middldevel education
majors, the sample of B PTs was examined in aggregate, allowing for a larger sample size.
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Thesurvey consisted of operended and Likert items scaled from one to five with one being strongly
disagree and five strongly agree (see Appendix A). Likert items written in third person were used to gain
information about general normative beliefs. On &dy, items written in first person were included to

gain information on what PTs claimed about their personal pedagogical practices following sustained
teaching during their internships. For most items, a value of one was equivalent to highly traditahal

a value of five was equivalent to highly innovative. Iltems which asked about innovative beliefs in a
negative manner or traditional beliefs in a positive manner were reverse coded.

Items were combined to form subscales based on face validity anledethrough reliability factor
analyses. The generabrmative-beliefs subscales are What and How Mathematics Should be Taught [BT]
(#1-5,7-10,1215); Mathematics in the Real World [BRW]-@); and Efficacy in Mathematics Teaching
[MTOE] (#1,4,5) (Enbs et al., 2000, p. 195). The perscenklims subscales are My Personal Efficacy in
Mathematics Teaching [PMTE] (#2,3,6,7) (p. 195) and My Teaching Practices4[BJ1{#1 This paper
focuses largely on MTOE items and subscale, 60.5% reliable, and fel$Eand subscale (73.1%
reliable), with comparisons made between these and other substales

Descriptive statistics on Likert items were calculated and paitedts were conducted to describe MTOE

beliefs and PMTE claims and to highlight differermetsveen other types of beliefs (BT, BRW, and/or P)

at a given time: Al, A2, and A3. As stated, attrition was experienced between itefatiansing pause

when making comparisons between iterations. Dismissing responses except those that came from PTs
whoNBALRYRSR (2 Fff AGSNIGA2ya ¢2df R RAYAYAAK GKS
representation of the cohort; however, the use of all data might skew results. Therefore, an analysis of
patterns of norresponse was conducted to determitiee appropriate treatment for missing data (Pigott,

2001; Peugh & Enders, 2004). Paitadsts were conducted to identify differences between iteration
responses.

Openended responses were analyzed. Initially, responses within an iteration were anadyaggregate
to identify categories (Green et al., 2007). Frequency percentages were obtained through counting coding

3 Adapted from Enochs, Smith, Hui nker (2000), AEstablishing factori al
Efficacy Beliefs Instrumento in School Science and Me
The acronysn ainMiTSOEfoor t he fAmatdxgeotme y @ san@alfPMMhiGo ofud It ofin
mat hematics teaching efficacyo (2000, p. 195).

Adapted from Adamson, Burtch, Cox, Banks, Judson, & Lawson, Nature of mathematics survey for teachers.

Unpublished. Reprinted by permission of Scott Adamson.

Adapted from McDoudg School leadership handbook for elementary mathematics. Copyright © 2004 by Thomson
Nelson. Thomson Nelson gratis use guidelines were met to reprint.

Adapted from Beswi dekacWarsénco&fBdewogeg And tboeliefs and
ma t h e ma ldantties,ccultures and learning spaces: Proceedings of the 29th annual conference of the
mathematics education research group of Australa@apyright © 2006 byMathematics Education Research
Group of AustralasiaReprinted by permigsn of Mathematics Education Research Group of Australasia

Adapted from Showalter (2005), Teacher interview protocol in the doctoral disserfdtmeffect of middle school
teacher sé6 mat heefaftiiccasc t ebaeclhii enfgs sdewafd nathématicss Reprioitednt s 6 a't
by permission of Betsy Showalter.

4 Details related to the other subscales can be foubtbyal and Howell &ccepted for publication ifihe
Mathematics Enthusiasbl. 15, no.3 [July 2018]

5 Thirty-six (42%) PTs cmpleted all three iterations (A1, A2, and A3), 26 (31%) completed Al and A2, six (7%)
completed Al and A3, 15 (18%) completed Al only, and two (2%) completed A2 only.

20



6aArftSa 3 1doSN¥YIYE MppnOd® ¢KSYyS AYRAGARIZE t¢Qa
responses to a given question on A1, ARan2 NJ | 00X AYRAQGARdIZ f Qa 0StAST (
themes among categorizations of change were identified and reported in aggregate once again. Findings

were compared to the Likert data analysis to determine if they were supportive or contradi€pen

ended response and Likekti SY |yl f&adS4a8 ¢6SNB dzaSR G(G23SGKSNJ G2
transformed.

Results
Set #1: Efficacy in Teaching Mathematics [MTOE]

g GKS 0S3aAAYyYyAy3a 2F (KSANI LINE Lsligniitadtiy I8sy innoid®eltieh Y4 >t
their corresponding beliefs about What and How Mathematics Should be Taught [BT] and Mathematics
in the Real World [BRW] (see Tables 1 & 4). They remained significantly less innovative followied math
coursework (see Tdes 2 & 4) and following internships (see Tables 3 & 4). On every iteration, the most
traditional MTOE belief was that if students are underachieving in mathematics, it is most likely due to
ineffective  teaching (V.4meanAl1=2.87, %traditionalA1=41, see leTalh; meanA2=3.11,
%traditionalA2=36, see Table 2; meanA3=3.14, %traditionalA1=28, see Table 3). It consistently had the
third lowest mean among all BT, BRW, and MTOE items. The most innovative MTOE belief was that the
Ayl RSIljdz 08 27F | hatkigBuBd/candé ovefdomiekysgddd tedching (V.5meanA1=3.90,
%innovativeA1=80, see Table 1; meanA2=4.05, %innovativeA2=84, see Table 2; meanA3=4.05,
%traditionalA1=84, see Table 3).

{ dzOK NBadz Ga AvyLXe GKIFIG t¢a ONB Rilsdiedititéachidogory 3 F 2 N
GAYl RSI dz O-@ntied reg¢piirSes Bupidried these findings (see Appendix B). On A2, only two of

GKS cn t¢a AYRAOFGSR GKIG K2g GKS GSIFOKSNJ (S OKS3
GAYAGNHZOGA2YSARAK SNB (Y IR12%z A adeéd ¢KSe al g GKS GSI OK!
student achievement through innovative instruction. The majority of the remaining responses, however,

were consistent with the Likert data, revealing persistent views related to theslotcontrol for student
achievement or failure. That is, while they acknowledged that teachers may be able to assist in student

f SFNYyAy3s AadadzsSa o0Se2yR GSIFIOKSNEQ O2yGNRBE yS3lFGAQ
that, while the teac®NJ LJX I @a | Kdz3S NRftST AdGQa dz GAYFGSte G
highlighted the influences of parents and the content in negatively impacting student achievement:
GXKIF@AYy3a LI NByta ¢K2 alé WwW2SQONB 232 BRSNIe 4 Y K

Similarly, when asked if students were excited about mathematics, most PTs who responded that students
pSNBE SEOAGSR 2FGSy ONBRAGSR GKS GSIFOKSNY aX L GNE
claimed that students were not excited attrild this to influences outside of their influence such as to

LI NBydlt FyR OdzZ GdzNF £ o0StASTay aYAR&A €SINYy G2 KK
T-tests and frequencies conducted pastputation (n=68) revealed the following on howT@E beliefs

changed throughout preparation programs (see Tables 5 & 6; Figures 1 & 2): (1) Consistently high means
and high percentages of innovative responses throughout preparation regarding the ability of good
GSFOKAY3 G2 2@SND2 Y Smathematids deei&soun® MTOEYM:5R &) significant
increases in innovative responses at the completion of programs regarding the positive impact of teaching
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effort on improved student achievement (MTOE V.1); and (3) consistent means on MTOE V.4, with drop

in both high and low responses and an increase in neutral responses on A3, implying that by the end of
their programs, a majority of PTs had become more neutral in their stances on teacher impact on student
FOKAS@SYSy (s 6AGK | desdbdepabdSieir coriral ffiof unde@adhieveéreyita@s T 2 NJ
corroborated in the operended responses on A3). Too, whether using {iogtutation data (n=68), all of

the data with varying n values (nA1=83; nA2=64; nA3=44), or only the data from those PTs that took all
three surveys (n=36; see Figure 3), though MTOE beliefs in aggregate developed toward being more
innovative (both shown in increased means and frequencies), they consistently remained the least
innovative subscale, particularly because of the belief thaderachievement is not due to ineffective

teaching (MTOE V.4).

Table 1: Entering Survey [Al] Subscale, Total, andndividual Efficacy in Mathematics

Teaching[MTOE] Item Means, Standard Deviations, and Frequency Percentagés-83)
% Leaning % Leaning
Traditional % Neutral  Innovative
(Response o (Response of (Response of

Al Subscales and Total: Mean SD 1or?2) 3) 4 or 5)
BT _Al_Subscale 3.48 .27 20 20 60
BRW_A1l Subscale 3.81 .55 8 19 72
MTOE_A1 Subscale 3.30 .70 24 28 48
Al Total 3.54 .30 18 21 61
Al Individual Survey Items:

MTOE V.1. #fAWhen a student d 313 .95 25 41 34
it is often because the tea

MTOE V. 4. ilf students are 2.87 .96 41 29 30
itismostlikelyduet o i neffective mat |

MTOE V. 5. iThe inadequacy o 390 .76 7 12 80

background can be over come

Note: Percentages reported are the percentage related to the given item, subscale, or total.

Table 2: Following Math-Ed Coursework Survey [A2] Subscale, Total, andndividual
Efficacy in Mathematics TeachingMTOE] Item Means, Standard Deviations, and
Frequency Percentage$n~64)

% Leaning % Leaning
Traditional % Neutral Innovative
(Response o (Response of (Response of

A2 Subscales and Total: Mean SD 1lor2) 3) 4 or 5)
BT_A2_Subscale 3.89 .29 14 14 72
BRW_A2_Subscale 4.17 52 3 12 85
MTOE_A2_Subscale 3.44 .70 23 19 57
A2 _Total 3.89 .31 12 14 73

A2 Individual Survey ltems:

MTOE V. 1. AWhen a student d 320 .96 26 28 46
it is often because the tea
MTOE V. 4. filf students are 3.11 1.06 36 22 42
it is most |likely due to in
MTOE V.5. AThe inadequacy o 405 .83 8 8 84

background can be over come

Note: Percentages reported are the percentage related to the given item, subscale, or total.
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Table 3: Completion of Program Survey [A3]Subscale, Total, andndividual Efficacy in
Mathematics TeachingMTOE] Item Means, Standard Deviations, and Frequency
Percentagegn~44)

% Leaning % Leaning
Traditional % Neutral Innovative
(Response o (Response of (Response of
A3 Subscales and Total: Mean SD 1or2) 3) 4 or 5)
BT_A3_Subscale 3.79 .36 15 17 68
BRW_A3_Subscale 4.28 .49 3 7 90
MTOE_A3_Subscale 3.58 .60 14 29 57
P_A3 Subscale 3.83 .45 14 16 70
PMTE_A3_ Subscale 3.90 .58 5 20 75
A3_Total 3.84 .32 12 16 71
A3 Individual Survey Items:
MTOE V.1. #AWhen a student d 356 .88 14 28 58
it is often because the tea
MTOE V. 4. #dAlf students are 314 .97 28 42 30
it is most I|likely due to in
MTOE V.5. AThe dtnademtu@s yma 4.05 .62 0 16 84
background can be over come
PMTE V. 2. il am continuously 419 .66 0 14 86
mat hematics. 0
PMTE V. 3. il know the steps t 370 .74 5 33 63
effectively. o
PMTE V. 6 . iWhen a student has 395 .82 9 7 83
math concept, | am usually at a loss as to how to help the
students understand it bett
PMTE V. 7. il do not know wh 374 .79 7 26 68

mat hematics. o*

Note: Percentages reported are the percentage related to the given item, subscale, or total.

Tabl e Efficack il Blaihematics TeachingMTOE] Beliefs Significantly Lower Than What
and How Mathematics Should be Taugf®T] and Mathematics in the Real Worl{BRW] Beliefs
throughout TeacherPreparation Programs [TPP]

Survey lteration/Time Mean
MTOE Beliefs Beginning of TPP (Al) 3.30

After Methods Course (A2) 3.44 Paired Sample ttest

End of TPP (A3) 3.58 Mean difference T (p)
Compare to BT Beginning of TPP (A1) 3.48 .18 2.55 .013
Beliefs After Methods Course (A2) 3.89 45 5.43 <0.001

End of TPP (A3) 3.79 .20 2.19 .035
Compared to Beginning of TPP (Al) 3.81 51 6.54 <0.001
BRW Beliefs After Methods Course (A2) 4.17 73 8.78 <0.001

End of TPP (A3) 4.28 .69 7.56 <0.001

*Be careful not to make comparisons between survey iterations using this table because waling;mather
looking at comparison between types of beliefs at each gjiven
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Table 5: Reporting Change inEfficacy in Mathematics TeachingMTOE] Beliefs Using T
Tests (Imputed Values; n=68)

Likert item Survey lteration/Time Mean SD/SE Paired Sample ttes
t ()
V.1. HAWhen a st Beginningof TPP (Al) 3.11 .97/.12
than usual in mathematics, itis  After Methods Course (A2)  3.21 .94/.11 -.67 .508
often because the teacher exertei” End of TPP (A3) 3.57 .80/.10 -4.04 <0.001
a little extra “ChangefromAltoA3 3.34 001
V.4. Al f st uden Beginningof TPP (Al) 2.91 .94/.11
underachieving in mathematics, ~ After Methods Course (A2)  3.13 1.00/.12 -1.47 147
it is most likely due to ineffective “End of TPP (A3) 3.10 .83/.10 25 .804
mathematics t €a ChangefromAlto A3 184 07
V.5. AThe i nade Beginningof TPP (Al) 3.90 .80/.10
student 6s mat he After Methods Course (A2) 4.09 .80/.10 -1.83 .071
background can be overcome by “End of TPP (A3) 4.03 .56/.07 57 573
good teachingo0 “ChangefromAL to A3 -1.437 155

Note: When the Wilcoxon test was run, same results related to significance found.

Figure 1: Response Means Per Question Over Time

——a¢th9 +xodmY d2KSy I &iGdzRSyd R28a& oSadas
GKS (S OKSNJ SESNISR + tAGGfS SEGNI S
ath9 +ony GLF aiGdzRSydGa | NB dzy RSNI OK
RdzS (2 AySTTFSOUAGS YIFIGKSYlFGAOa GSI OK
ath9 +dpY G¢KS Ayl RSljdz 6 2F | addzRS
2PSND2YS o0e 3I22R GSIFOKAy3E
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Table 6: Reporting Change inEfficacy in Mathematics TeachingMTOE] Beliefs Using Frequency
Percentages (Imputed Values; n=68)

Likert item Survey lteration/Time % Leaning % Neutral % Innovative
Traditional (<2.5)( ©02. 5 & (03.'!

V.1. AWhen a st Begnningof TPP (Al) 25 41 34
than usual in mathematics, it is After Methods Course (A2) 25 31 44
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often because the teacher exertec End of TPP (A3) 10 34 56
a |little extra
V.4. @Al f st uden Beginningof TPP (Al) 38 29 32
underachieving in mathematics, ~Afier Methods Course (A2) 34 26 40
it is most likely due to ineffective
mat hematics t ea EndofTPP(A3) 24 49 28
V.5. AThe i nade Beginningof TPP (Al) 9 10 81
student 0s mat h e aferMethods Course (A2) 7 6 87
background can be overcome by

End of TPP (A3) 0 13 87

good teachingbo

Note: Imputation of missing data resulted in some-mgdrle number values.

Figure 2: Frequency % Per Question Over Time
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ath9 oMY a2 K89l +aindR SaFe A dzRdSp/NI ad o KNS
does better than usual in underachieving in 2F | aidRSy(Q:

matbh, it is often because theathematics, it is most likely  background can be
teacher exerted a little extra  due to ineffective 2PSNO2YS o6& 32
STFF2NI ¢ YIFIOGKSYFiAOa GSIFOKAy3IdE

m %Traditional %Neutral %Innovative

Figure 3: Change in Total and Subscale Beliefs over Time (only using those PTs that
responded to all 3 survey iterations; n=36)
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Set #2: Personal Efficacy in Mathematics TeachPITE]

¢K2dz3K 9FFAOIO& Ay al dKSYFGAO&a ¢SIFIOKAY3 wa¢th9e oS
in Mathematics Teaching [PMTE] was ranked as the second most innovative subscale (see Table 3).
Specifically, by the end of their programs [ABMTE responses were significantly more innovative than

MTOE responses (md=.31, t=2.54, p=.015). This was not consistent when comparing general normative
beliefs about What and How Mathematics Should be Taught [BT] to personal claims about how and what
mathematics PTs claimed to teach (ie, My Teaching Practices [P]) at the completion of their programs
(Lloyd & Howell, accepted for publication 2018). Personal claims were relatively innovative (see Table 3)

and more closely related to their BT counterparts.

The most innovative Personal Efficacy in Mathematics Teaching [PMTE] claim was that PTs could
GO2ylAydz2dzate FAYR o0SOGGSNIgrea (G2 GSIFOK YFOGKSYI GAC
were greater than 3.70; response percentages leamiaditional did not exceed 9%, and percentages

leaning innovative were 63 or greater (see Table 3).

LYyGdSNBadAy3atesr ogKAES ym: NBaL yﬁeéfz ySalraAoSte G253
math concept, | am usually at aloss asto howto biefpS & G dzZRSy G a dzy RSNB Gl YR Al 0o
G2 azxdo L 1y2s GKS adGdSLA G2 GdSHOK O2yOSLIia S'-F'-FSO
I f2aaxé (GKSy akKS ltaz2 (yz26a K2g (2 0(GSHWIHK YI GKS
confidence in teaching wholelass, initial instruction versus remediating on the individual level. Further

research is needed to determine this.

Nonetheless, a majority of PTs reported a strong sense of personal efficacy related to teaching
mathemaics. This confidence both in content and pedagogical knowledgeas supported within the

openended responses as well (see Appendix B). Counting coding revealed that all 39 responders on A3
yagSNBR a, Saé¢ (G2 aXKIFQZoAy B i Xo NGB IMINGRYRR SiNeR {i1SyF ROK
GKSe 1yS¢ axXx 0GSIFIOKAYy3I adNXrdS3aasa G2 G4SFOK X Ay RSI
YR y2¢ 0SOldzasS aeé2dz Oty Ftglea £SIENY Y2NB®e Ly LI
unaware of the complexities of teaching, particularly related to accommodating for all learners, predicting
GKSNBE (GKSANIJ addzZRSyda Yle adNHAI3ItSE | 00SaaAray3a Ayy:
KFgS + RSSLI dzy RSNA U | Y Ripsyhaweyer, tBe¥ felt rdughiméra coifideBtloasddA y G S N.
on their new understanding that innovative instruction is more complex than the traditional tedeter
YSOUK2RX ITRYAOGUAY3I GKIFIOG GKSe& Ydzad ¢2N] avYdzOK KI NRS
FIOGT 2y 'ox 6KSYy |4a41SR K2g ¢Sttt (KS& O2dzZ R aX St
NBaLR2yRSR SAGKSNI a 3SNE ¢-Preparatiorephiyranis hakeN@ed critici@ed ford ¢ 2 K
being ineffective (Levine, 2006), review bétPersonal Efficacy in Mathematics Teaching [PMTE] findings
AYRAOFGSEa (KIG GKS& Oly O2yiUiNROGdzGiS LIRaAdAgSte G2

Discussion
The data revealed that PTs leaned toward innovative beliefs related to What and How Mathematics

Shauld be Taught [BT] and Mathematics in the Real World [BRW] and claimed to be innovative in their
own practices [P and PMTE], but their general beliefs in the efficacy of mathematics teaching (MTOE) were
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consistently the lowest. Though Wheatley (2002) codtethat lower efficacy beliefs may encourage-life

long learning and improvements to teaching (in Siwatu & Chesnut, 2015), an aggregate review of the
findings conveys a narrative more similar to his findings related to overconfidence and loci of
responsiblity.

Many of the operended comments, consistent with the literature (Handal, 2003), indicated that being

able to enact innovative teaching practices was contextual, based on students, classroom environment,

and content. While research repeatedly repothat external conditions constrain teachers (Buehl & Beck,

2015), acting on such beliefs ubiquitously has consequences. PTs may agree with innovative practices in
GKS2NE 06aSSy o0& (GKS .¢ FyR . w2 LISNOSyillk 384 wE&E2NRY
O2yiGSydsz L OFyQd YI1S AG Sy3alr3aAay3asdT aLT y24 || wo2
GLF Y& adGdzRSyida NS (22 NIVYodzyOGAz2dzza 2NJ y2da 4G 3INJ
to hate mathematicsKk N2 dzZ3 K G KS YSRAIFISE FrYAfeéX FyR FNASYRAZ
excusing themselves from committing to such practices based on external constraints.

PTs not only indicated that forces beyond their control were responsible for constrahmngse of

innovative practices and positive student disposition toward mathematics, they claimed that negative
student outcomes were beyond their control. Likert and ofered responses revealed that many PTs

attributed gains in student learning to qugl instruction but did not attribute poor learning outcomes to

ineffective teaching. In most instances, student failure was attributed to students. Deficit perspectives,
whether the genetiRS FA OA G LISNRELISOGA SS | G NXakedap or thaculfiialA £ dzNB  (
RSTFAOAG LISNERLISOGADGS GONROdzGAY I TFlL AT dzZNBE G2 | OKACf
incorrectly suggest that failure is poetermined, implying that there is nothing for the teacher to do to

prevent it. The onsequence of such beliefs leads to instruction that is neither excellent nor equitable,

despite practice claims [P] suggesting otherfuise

In summary, with close inspection, (1) mid to high Personal Efficacy in Mathematics Teaching [PMTE]
clams, 2) 16 a¢h9+dn O6aLF &aidzRSyida FNBE dzy RSN} OKAS@Ay3
AYSTFSOUGAGS YIGKSYIFIGAO0a GSIFOKAYIPEVLS FYR 600 KAIK
o O]l ANRBdzyR Oly 06S 2@SNO2YS o0& 3pipthe fdicingnériagva ¢ 0 Y S|
G¢SIFOKSNBR Oly 2@0SND2YS addzRSyidaQ YIFIGKSYFGAOLE Ayl
things the right way; | know how to help my students. And so, when my students do not perform well, it

Aad y20 Y@ Tativdzis lenhanced BySopeghdletitesponses, indicting students and other
AYyFEdzSyOSa o0Se2yR GKS t¢aQ O2yaNBf F2N) addzRSyd 7
expectation that these PTs would sustain innovative, equitable practices, necesadgguately prepare

students for STEM professions?

Conclusion

External influences can constrain effective, innovative, equitable teaching and, subsequently, positive
learning outcomes for all students. As teaching shortages increase, external gussalng with

6 What one claims to do does not always align with what they actua(@itébard,1996; Buehl & Beck, 2015
Therefore, further research is needed to examine if PTs observably implement the innovative instructional
strategies for which they claim [P].
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increased responsibilities are likely to increase, making the profession more challenging for those who
remain. It is paramount that these constraints do not serve as licenses to abandon the implementation of
innovative teaching. Teacher acators and KL2 educators have parts to play.

Teacher educators must assist PTs in acknowledging that external factors contribute to teaching, so much
so that sometimes ideal teaching is inhibited. Acknowledgement is important so that PTs understand that
they may not be able to fully enact all ideal practices immediately within constraining contexts and can
work toward increased implementation as they grow their voices within school communities. Such
acknowledgment may curb the burnout felt by higbality teachers who leave the profession after a few
years (Lloyd, 2012). So that acknowledgment does not result in the abandonment of innovative practices,
teacher educators need to teach PTs to assess all students for strengths as well as weaknesses, so not t
see students through deficit lenses and to allow strengths to play a role in improving weaknesses.

Similarly, K12 educators must acknowledge that ideal teaching may be constrained but not entirely
abandon innovative pedagogical practices. They mu®Ri8d LISRI 32 3A Ol f LINI OG A OSa
individual strengths and weaknesses toward targeting learning for all individuals to grow, instead of
toward the success of some and predetermined failure of others based on perceived deficits out of
educa NEQ O2y (i NRE @

K-12 educators should model how to use their voices and teacher educators must help empower PTs to
find their voices so all educators, novice and veteran, can comfortably and confidently advocate for what
they need to enact innovative prdces. Finally, and admittedly lofty, teacher educators need to help
mitigate the forces that constrain innovative instruction by encouraging constituents and advocates of
public school systems to listen to what teachers need and support them in meetirg reeds,
acknowledging the challenges of teaching, respecting their professional autonomy and trusting their
professional knowledge.
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Appendix A: Survey

l. Background Information
Name: Date:
Race/Ethnicity/Gender:
Certification area(s) desired:
Content area(s) for which you feel most comfortable teaching:
Content area(s) for which ydael least comfortable teaching:
Content area(s) for which you feel most comfortable learning:
Content area(s) for which you feel least comfortable learning:
Grade(s) taughduring clinical internship (along with any other experiences teaching matheinghesgrade and math subject
area if you taught a specific math content area such aal§ebra, Algebra I, Geometry):

Il. PracticegP]
Based on your clinicahternshipexperience and other field experiences, please indicate the degree to which you agree or di
with each statement by circling the appropriate letters.

SD D N A SA
Strongly Disagree Uncertain or Agree Strongly
Disagree Neutral Agree

1. |like assigning problems that can be solved in multiple SD D N A SA
ways (McDougall, 2004, #1).

2. Often | have students complete relevant problems of SD D N A SA
interest (#2).

3. | provide time and encourage students to share their SD D N A SA
differing strategiegor completing the same problems (#3

4. Usually, it is not very productive when my students wor SD D N A SA
together (#6).

5, iEvery student shoul d f eg¢ SD D N A SA
he or she can doo (#7).

6. | encourage students use multiple representations or SD D N A SA
alternative resources (i.e., manipulatives, technology, €
to communicate their mathematical ideas to me and thg
peers (#10).

7. On graded tasks, | put more emphasis on correct answ SD D N A SA
than on the proceds get to an answer (#11).

8. On nongraded tasks, | put more emphasis on correct SD D N A SA
answers than on process (#11).

9. Instead of answering stud SD D N A SA
additional questions to help them reason through their
initial question (#14).

10. 1 do not like to assign opeended tasks because | am SD D N A SA
concerned that | will not cover the material for a unit in 1
designated time.

11. I do not like to assign opeended tasks because | worry SD D N A SA
that | may not be prepared for unpredictable results (#1

12. | prefer that my students master basic procedures befo SD D N A SA
tackling complex problems (#16).

13. A1 t e a c how toicamtenitadtestheir mathematica SD D N A SA
ideaso (#17).
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14. | frequently have to remind my students that a lot of wh SD D N A SA
we learn in mathematics is no much fun, of interest, or
relevant to their lives, but that it is important to learn
anyway (#20).

15.AWhen preparing | essons, SD D N A SA
and/ or the proscribed cur
Banks, Judson, & Lawswon, n.d14) .

16.iWhen preparing | essons, SD D N A SA
approach and suppteent it with additional problems
and/or activitieso (#14).

17. A | mainly see my role as SD D N A SA
opportunities and resources for my students to discovel
construct concepts for th

18. i | m aele my rgle as a transmitter of knowledge. | tr SD D N A SA
to assist students in arriving at a point of independence
mastery from which they ¢

Please feel free to make additional comments about your practicesspette provided:
Il. Beliefs about How Mathematics Should Be Taught (BT)

1. AiMat hemat i cs (Beswick, Waigon, & at i SD D N A SA
Brown, 2006 Table 4, #1).

2. Mathematics teachers should be fascinated with how SD D N A SA
students think and intrigued by thelternative strategies
(#3).

3. ltis an efficient way to facilitate student mathematical SD D N A SA
learning by telling students answers (#4).

4. Having students experience slight frustration and tensiag SD D N A SA

when solving a problem can be benefi¢igven necessary
i for learning to occur (#5).
5. The best method for teaching mathematical concepts ig SD D N A SA
expository style (i.e., demonstrating, explaining,
describing, providing examples) (#6).

6. Mathematical concepts need tofresented in the correct SD D N A SA
sequence (#7).

7. Al gnoring the mat hemati cq SD D N A SA
themselves can seriously

8. Justification of mathematical ideas and statements is af SD D N A SA
important part ofathematics (#9).

9. To be an effective teacher of mathematics, one must er SD D N A SA
learning and doing mathematics (#10).

10. An attitude of inquiry should be developed through the SD D N A SA
teaching of mathematics (#12).

11. Gradeninemathematics is best taught to groups which ¢ SD D N A SA
heterogeneous based on ability (#13).

12. AiThe most i mportant part SD D N A SA

the curricul umodo ( Badka duslsom &
Lawswon, n.d.#11).
13. A T hmest important part of instruction is that it SD D N A SA
encourages sensgaking or thinking. Content is
secondaryo (#11).

14. Students must have opportunities to work together to ge SD D N A SA
in-depth understanding of the content (#13).
15. Workingtogether is problematic because a teacher can SD D N A SA

assess what each individual understands and oft one
student does a majority of the work (#13).
Please feel free to make additional comments about your beliefs about how mathematics shogtd lrettee space provided:
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V. Beliefs about the Nature of Mathematics in the Real World (BRW)

1. To be an intelligent consumer, one must be numerate SD D N A SA
(Beswick, Watson, & Brown, 200G able 3, #1).

2. Understanding mathematics is increasingiportant in SD D N A SA
totals society (#4).

3. To function in todayds saqg SD D N A SA
fguantitative literacyo)
literate (#5).

4. Mathematics is necessary to understand media claims SD D N A SA

5. AiMat hematics is not al way SD D N A SA
medi ao (#9) .

6. Often people use mathematics in their daily decisions SD D N A SA
(#10).

Please feel free to make additional comments about your beliefs about mathematics inntbdd@athe space provided:
V. Efficacyi Based on your clinical internship and other teaching experiences (MTOE #1,4,5; PMTE: #2,3,6,7)

1. "When a student does bett SD D N A SA
is often because the teac
(Enochs, Smith, & Huinke200Q MTEBI, #1).

2. Al am continuously findin SD D N A SA
mat hematicso (#2) .

3. il know the steps to teag SD D N A SA
effectivelyo (#5).

4. Al f student s amahematicd, & is masth SD D N A SA
l'i kely due to ineffective

5. iThe inadequacy of a stud SD D N A SA
can be overcome by good t

6. iwhen a student has diffi SD D N A SA
mathematics concept, | am usually at a loss as to how {
hel p the students wunder st

7. Al do not know what to daqg SD D N A SA

mat hemati cso (#21) .

Please feel free to make additional comments abouteftestiveness as a mathematics teacher in the space provided:

VI. Openended Questions

Please answer the following questions.

1.
2.
3.

4,

10.

11.
12.
13.
14.

Do you feel as though you have a deep understanding of the content you are required to teach?

What about your content do you ndedearn more about in order to help your students achieve a deep understanding?

Do you feel as though what and/or how you are required to teach (including the scope and sequence) can result in a depth
of knowledge for your students in this content at@afd you provide any examples?

Do you feel as though you know the teaching strategies to teach your students in depth in this content area? Provide
examples.

If yes to the previous question, do you feel as though you are able to utilize these strawdmstinhelp your students

gain depth in this content area?

AHow wel | do you think you can explain the concepts [in
(Stowalter, 2005, #2)
Mathematics curricula and teaching in this courdryisai d t o be fAa mile wide and an in

Why or why not?

Describe a typical day of teaching in your classroom.

Is this how you want to be teaching? Do you feel effective in your teaching? Why or why not?

If you answered yes thé previous question, what supports are in place for you to teach how you want to teach and
achieve this effectiveness?

I f you answered no, what constraints can you identify to
ATo what extesiponmnoi lyloesm ferelyour studentsod |l earning?o (Shi
ADo you think students are excited about mathematics?0o (
AWhy do you think students should take mathematics?d (St
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Appendix B: Openended Responsé&requencies

Question: ADo you feel as though you have
requiredtoteachrelat d t o mat h #Hicaeytrelatedt® abnteht knowledge.]
Categorized Responses Al (n=80) A2 (n=63) | A3 (n=39)
ANo, not yeto 13 11*

AYesdo with qualifig67 52 39**

Notes: *Threesad fANo O on Al. Two tdatdapaendsn aalnlahgirsedyesaid ,

y etrepwere comfortable before taking coursework. In fact, onetofe fino o0 r es p,0Q
Yes, math is my strongest areado on Al. By
* One respondent said that she had a deep
i nt er ns hitphbute feddeap umderstanding to coursework). Interestingly, on A2 after he

* St

coursework, this PT wrote, f@AYes, I have a
to have forgotten the impact her coursework had on her content knowledgedndtfa year later).
Question: fADo you feel as though you know
in this content are a ? dficafyEelated to pedagogical knowledg¢
Categorized Responses| Al A2 (n=61) A3 (n=34)

(n=76)
fiNo. O 64 4 (all 2 (answered yes in the former iterationy

responded [ut once faced with reality of teaching,
no earlier) |said no)***

AYes and no. 13 6
al ways | ear
ifYes. O 12 [ JHxx* 26

(learned from
former teachers)
Notes:*** ANoteédchongexamgploeping in second
algorithm so it was new for me to only wuse
amount of time was devoted to teaching operations without relying on the standsitthrailg

**** C omfortable wianipulatives, discussions, interdisciplinary lessons, inquiry, stiickesmited
strategies, student reasoning, assessments, collaboration, differentiated instruction;Ipasbtim
instruction, and productive struggle

Question:i How wel | do you think you can explain
procedures?0 (Stowalter, 2005, #2).
Categorized Responses| Al (n=73) | A2 (n=61) A3 (n=32)
Not very well 39 10***** (five from Al; four | 4 (all originally said well or
of these originally said fairly well on A1i reduction
Anfawel lyo) of efficacy) ******
Fairly well 21 T Reieieleioiohd 8 (four decreased in efficacy,
only one i mpr
very well 0)
Very wel | : 13 19 20
review the content and
do a good |
Unsure 1

Notes: ***** FEFjve from Al; f ¢ realizingthat afterdakirg the
ME courses, there is more to effective teaching than traditional-teld@hstruction (so a good thing
t hat t heyi afithedtgratueepsirgsadt not all lowered confidence is bad)

**x**x* One PT specifically answered on A1,
conceptual under st @ndinm g rbawtp , 1006 vaen dg wtn aA 3s, e
reekkek Attributingto ME cour ses, saying, fAbetter than
Question: fiDo you think students are excit
Categorized Responses Al (n=76) A2 (n=59) A3 (n=34)
Yes 3 5 9

Depends on the teacher 11 18 15
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Depends on the student 19 15 4

Students start formal education excited | 10 2 3

Very few 12 0 2

No 15 17 1
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Inspection Worthy Mistakes: Which? And Why?

Carefully select and leverage student errors for whalkass
discussions to benefit the learning of all.

Angda T. Barlow, Lucy A. Watson, Amdeberhan A. Tessema, Alyson E. Lischka, and Jeremy F. Strayer

Jana recently attended a teday professional development workshop during which she learned about the
AYLRNIFYOS 2F @GASgAy3d adppzRuSives (Bonler2018)ii Thjo®kout tha € ST N
workshop, Jana and her colleagues celebrated their mathematical mistakes and not only corrected the
YAadlr1Sa odzi Ffaz2 fSIFENYySR FNRY (GKSY® Ly GKAa asSal

expected,y a LISOGSRE YR NBALISOGISReE 6{SStftS& HnmcI LD HcO
school year.

When the school year started, Jana introduced her students to the motto and began reinforcing a positive
view of mistakes as learning opportunitien. énacting the motto, though, she faced a new dilemma:
Which mistakes should the class inspect? Should the class ingpatstakes? Or are some mistakes
Y2NB GAyaLISOiAz2y g2NIKeé GKFYy 20KSNEK

WEYlFQa RAfSYYlI Aa yz2i dzy 02 YY sfynistakesiin leadingdvie@esiveS | g I |
G2 FSFGdz2NB aiddzRSydaQ vradar1Sa Ay OflFaa RAaOdzaaa?
opportunity to critique the reasoning of otherswvhich is part of the Common Core Standards for
Mathematical PracticdSMP 3, CCSSI 2010, p7)6 particularly when mistakes are not limited to
O2YLIziF A2yl f SNNBNBEP® CANIKSNE AyalLISOGAy3da YAaaalr s
understandings (Boaler 2015; Borasi 1996).

As Jana previously asked, though, wihigistakes are most appropriate for class inspection? With this
guestion in mind, the purpose of this article is to support the reader in selecting mistakes that can be
leveraged to benefit the learning of all students. Specificallyfomas orwhichandwhy: whichmistakes

to inspect andwhy these mistakes are inspection worthy. In the negttion, we introduce types of
mistakes along with ideas to consider when deciding whether a mistake is worthy of class inspection. Then
we apply these ideastoasdeMNA 2 G {1 Sy FTNRY Wyl Qa OflFaaNR2Yo®

Which mistakes and why

In consideringvhichmistakes to inspect andhy, we looked at student work from different lessons across
different grade levels, focusing on the mistakes that were made and whether theyfeatuzed in whole

class discussionsrom this process, we identified three typeseofors along with ideas to consider when
deciding whether inspecting an error will benefit all learners. Before describing the types of mistakes,
though, we share two keideas that aroseduring this process: The first involved what constitutes a
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Guiding questions to determine
which procedural errors are
inspection worthy

1. Is the error pervasive or fairly common throughout the class? For
example, consider a classroom of third-grade students who are
practicing subtraction with three-digit numbers involving regrouping.
As the teacher circulates around the room, she notices several students
making the procedural error of subtracting the minuend from the
subtrahend in the ones place (see fig. 1a). Given that several students
have made this procedural error, it is worthy of class inspection.

2. Is the error in line with the lesson’s goals? Suppose, for example,
a fifth-grade class has been studying multiplication with decimals
when the teacher notices that a student has incorrectly placed the
decimal in the product (see fig. 1b) by “lining up the decimals” as
if it were an addition problem. Although the error is not necessarily
pervasive, correct placement of the decimal in the product represents a
fundamental component of the lesson’s goals and is, therefore, worthy
of inspection.

Because several students made the same procedural error, the
teacher considered (a) a pervasive procedural error worthy of
inspection. When a procedural error represents a fundamental
component of the lesson goal, as in (b), we can consider it
inspection worthy.

3%
- 276

————— _____/

| )2 16.3

which procedural errors are inspection worthy,
the sidebarabove.

(a) (b)

5
X 7

Why?

mistake. From our viewpoint, a mistake is not
limited to a computational error. Rather, mistakes
include mathematical thinking, answers, and
strategies that are either incorrectraunjustifiable.
The second idea involved the mathematical goals,
which serve as a lens through which to view all
errors. Specifically, throughout our discussion,
whether or not we explicitly state so, the mathe
matical goals of the lesson and/or learning
trajectory should be in the foreground of selecting
mistakes for inspection. With these ideas in mind, in
the following sectionswe describewhichmistakes
andwhy.

Procedural errors

Procedural errors include mistakes in algorithms or
other routine procedures. Sometimes procedural
errors can be insignificant. For example, a student
YIe gNAGSZT do P n I mMmodé
her mistake is important for the student in this
scerario, discussing what seems to be a trivial
mistake is unlikely to enhance the mathematical
development of all learners. Other procedural
SNNEZ NA =
mathematical development and are, therefore,
worthy of class insection. To aid in identifying

we offer two guiding questions along with examples (see

Inspecting procedural errors that are pervasive and/or aligned with lesson goals offerdaisethe
opportunity to not only identify and correct the error but also justify the reasoning behind correct

procedures. By making connections between
atdzRSyta KI @S |
t SoSta 27
atdzRSyia 6K2 YIRS
sharing of mathematical justifications.

Inappropriate solution processes

procedures and their underlying mathematical reasons,

OK I Yy Qe of pracedureLfdD tthespurpodelb&igvéldpdg/deehaf
dzy RSNE G I yRA Y 3
G§KS SNNRN) NBOSA @S

2F YI GKSYI GAOI ¢
& dzLoudh M

Our second type of mistake involves the solution processes for word problems. Often in these instances,

an inspection of the computations alone may

not reveal a mistake. iEhdhe computations may be

correct. However, considering the computations in relation to the problem context reveals the error, in
that the processes represented by the computations are not appropriate for the problem and represent
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faulty reasoning or anisunderstanding regarding the problem context. Here, we present two examples
to illustrate this type of mistake.

The Sharing Chocolate problem

A student’s work (a) on the Sharing Chocolate problem (Enns
2014, p. 139) is computationally correct, but his solution
process does not align with the problem context; (b) correct
computations—in this case, on the Peach Tarts problem—can
still represent a mistake in terms of the solution process.

The Sharing Chocolate problem (Enns 2014
139) reads, in part, as follows:

FIGURE 2

Two groups of friends are shag
chocolate bars. Each group wants to sha
the chocolate bars fairly so that ever] \. \—LL'— ] o( &9-;,91
person gets the same amount and n 3

chocolate remains. In the first group o
friends, four students receive three
chocolate bars. How much chocolate d
each person get ithe first group?

(a) Sharing Chocolate (b) Peach Tarts

Without consideration of the problem, the
a0 dzRSy U Q &g. 2m)AsNdmpuiadionadly
correct. The mistake is recognized, though,
sKSYy 2yS O2yaARSNA GKS LINRPofSYd ¢KIFIG Aazr (GKS a
not align with the problem context.

ANGELA T. BARLOW

The Peach Tarts problem A student had (a) a correct solution to the Peach Tarts
problem. Not all (b) inappropriate solution processes

Consider the work in our second example (s|z1| rePresent inspection-worthy mistakes.

flg 2b) The student has COfreCtIy mUItipIie( (a) A correct solution (b) An inappropriate solution

ten by twothirds and represented her answe h Tarts JE—
with a model. Now contemplate this work ir 5\.4{). %%% @ 2 " %__‘
2] =

e —
— =

light of the problem the student was solving: e ) \O
i

Ms. Stangle wants to make peach tarts fi ;f’_ - =0
Vid; :'
her friends. She needs twthirds of a 'r’;fcﬂ

—

3
peach for each tart, and she has 1 @ /Z ¥ 3 _5
peaches. What is the greatest number ¢ @@ — -
tarts that she can make with 10 peaches @ @ @ 3 5

6/ KI' LAY S h Qdelof gBNE
31)

($]

Is 10 x 2/3 the appropriate process to use when solving this problem? Actually, the Peach Tarts problem
is a division problem: The goal is to determine how many-twas are in ten. Therefore, the correct
solution process for this plidem involves either computing 10 + 2/3 or developing a representation (e.g.,

a picture or concrete manipulatives) that embodies ten divided by-ttwals (seefig. 3g. As a result,
although the work irfigure 2bis computationally correct, it does notigh with the problem and is,
therefore, a mistake representing an inappropriate solution process.
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Not all inappropriate solution processes represent inspeetianthy mistakes, though. Consider the work

infigure 3 where the student has performedavaii@ 2 F O02YLJzil GA2ya Ay |y |4
with the numbers. In talking with the student privately, the teacher found that the reasoning behind the
computations was unrelated to the problem context. As a result, inspection of this mistake weilyd lik

focus on trying to understand why the student performed the various computations and the errors in

them rather than the mathematics represented within the problem context. Therefore, this discussion
g2dA R y2i RSSLISYy (KS Oflemzantext aryiRnStiEpadtioi Rartfyd 2 F G KS

Why?

In figures 2aand b, the mistakes represent opportunities to engage students in reasoning about key
mathematical ideas represented within problem contexts. In the Peach Tarts problem, all students would

likely benefit from discussing the problem aspects that indicate that it is, in fact, a division problem rather

than a multiplication problem. Similarly, a discussion of the mistakigune 2awould provide all students

with a meaningful opportunity to assesKk S NX I a2yl 6f SySaa 2F (GKAa |lyags
occursas abINR RdzOG 2 F az2f gAy3a LINRofSya FyR NBbSOlGAy3a 2
az2fdziA2yaé¢ o[l YORAY HAnnoX L mMmO®d wSbS&ddtiohd 2y K
AaSNYSa G2 SYyKIyOS aidzRRSyiaQ dzyRSNEGFYRAYy3a 6. 21 S|
solution processes are inspection worthy.

. Some problems typically reveal Misconceptions

E a view or opinion that students

=1 have based on their previous aradr18a GKFG NBOSHE &0dRSy:?
= misunderstandings or wrong ceptions are also worthy ofass inspection. We define

| thinking. a misconception as a view or opinion that students

mistakenly hold that is based on their previous
misunderstandings or wrong thinking. For instance,
consider the Spilled Juice problem (d&g 4). Third

The Spilled-Juice Problem

On his homework, Jlesse needed
to find the perimeter and area of a

rectangle. Unfortunately, he spilled grade students normallycover the rectangle with
his juice on the rectangle (see image square tiles, (seég. 58 and count the tiles to find the
below). Help Jesse find the area and perimeter and area. To aid in this discussion of

perimeter of the rectangle. mistakes, we providéigure 5bas well, which shows a

color-coded arrangement of the tiles. Once covered,
two common mist&es representing mathematical
misconceptions arise as students count the tiles:

1. To find perimeter, students often mistakenly
O2dzy i GKS @02 NKRi§.Nh). WWhdthera ¢ oAy
students report the perimeter to be fourteen (a literal

count of the border ites) or eighteen (doubleounting

the corners), counting the squares represents a-mis
conception regarding perimeter. That is, the students

do not recognize perimeter as a measurement of length

that should be found by counting the units of length

(i.e., the sides of the squares) that make up the
perimeter of the rectangle.
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2. Indetermining&B | = AddzRSyda Attt adlrdS GKFG GKS I NBY
then limit the area to the enclosed blue squares (§ge5b). This misconception regarding what
constitutes the area of a figure is likely related to viewing the bordes s representing the
perimeter.

Two common misconceptions emerge when representing the problem with tiles.

(a) (b)

o
=
5
—
B

Why?

¢KS (g2 FSFEGdzNBR YAaidl1Sa NBLNBaSyid FdzyRIYSydalrft Y
goals (i.e., perimeter and area) and are, therefore, worthy of class inspection. By discussing these
mistakes, students have the opportunity to grapple with the underlying concepts; in this case, what are
perimeter and area, and how are they measured?

Explicit confrontation of preconceptions or mis

conceptions creates cognitive dissonance in which

students begin to question and rethink their pre

O2yOSLIiA2Y&aY YR Fdz2NIKSNI AYyadNWzOGA2Y FyR N
can now help students understand the new eon

cept. (Tobey and Fagan 2013, p. 181)

&
o
(s}
O
[

Inspecting mistakes that represent misconceptions can

support all students in diler correctingor refining their

understandings of the concepts. Therefore, mistakes that

involve fundamental misconceptions related to the

f Saaz2yQa YIFGKSYFOGAOFE 321 ta FNB g2NIKe 2F AyalLlSoi

wSOAAAGAYT WFHyFQa RAESYYL

With a focus orwhichandwhy, we n@g O2 Yy AARSNJ WI yI Q&
dilemma from the opening scenario. In an introductory

lesson on area, Jana posed the Quilt task (geed) to

her students. Her goal was to support students in seeing

area as the amount of space covered by a figure. Jana

gave students a@pies of the task and a set of pattern
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